GRAEV ULTRAMETRICS AND FREE PRODUCTS OF POLISH GROUPS

KONSTANTIN SLUTSKY

ABSTRACT. We construct Graev ultrametrics on free products of groups with two-sided invariant ultrametrics and
HNN extensions of such groups. We also introduce a notion of a free product of general Polish groups and prove, in
particular, that two Polish groups G and H can be embedded into a Polish group 7" in such a way that the subgroup
of T generated by G and H is isomorphic to the free product G « H.

1. INTRODUCTION

Mark Graev [Gra51] gave a construction of two-sided invariant metrics on free groups which now bear
his name. Starting from a pointed metric space (X, d, e), the Graev metric ¢ is a two-sided invariant metric
on the free group F'(X). The precise construction of § will be explained below, but it is characterized by
being the largest two-sided invariant metric on F'(X) that extends d, where we view X as being embedded
into F(X) in a natural way. In group theory, free groups are important, among other reasons, as surjectively
universal objects: any group is a factor of a free group. Graev metrics and their generalizations proved to be
very useful in constructing surjectively universal objects in various classes of metrizable groups.

For instance, let N denote the Baire space: the space of infinite sequences of natural numbers with the
metric

d(z,y) =sup{27" | n e N, z(n) # y(n) }.
Let F(NY) be the group completion of F'(NV) endowed with the Graev metric (with respect to any distin-
guished point).

Theorem (Folklore, see Theorem 2.11 in [Kec94]). The group F(NN) is surjectively universal in the class of
Polish groups that admit compatible two-sided invariant metrics.

An important question raised in [[Kec94] and further advertised in [BK96] is whether there is a universal
Polish group. Motivated by this question, L. Ding and S. Gao [[DGO7b] constructed generalized Graev metrics,
and based on this construction Ding [Din12]] answered the question of Kechris in the affirmative. In a recent
paper Gao [[Gao13]] addressed the question of the existence of surjectively universal Polish ultrametric groups
and gave yet another modification of Graev’s original definition. The latter paper of Gao motivates our study
of the Graev ultrametrics on free products of ultrametric groups.

1.1. Main results. The main results of this work are twofold. In Section [2| we give the constructions of
Graev ultrametrics for free products and HNN extensions of groups with two-sided invariant ultrametrics. In
particular we prove

Theorem (see Theorem |[2.13)). Let (G, d) and (H,dg) be groups with two-sided invariant ultrametrics, and
let A= G N H be a common closed subgroup. There exists a two-sided invariant ultrametric on the free product
with amalgamation G x4 H that extends the ultrametrics dg and dy.

Theorem (see Theorem [2.15). Let (G,d) be a group with a two-sided invariant ultrametric d, A and B be
closed subgroups of G and ¢ : A — B be an isometric isomorphism. If diam(A) < K, then there exists a
two-sided invariant ultrametric 6 on the HNN extension H of (G, ¢) which extends d and such that é(t,e) = K,
where t is the stable letter of H.

While we follow closely the methods of [|SIul2], the formalism for trivial words used in this paper is
different. We introduce a new notion of a maximal evaluation forest and argue that it provides a more unified
tool for studying Graev metrics on free products than the notion of an evaluation tree.
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In Section [3| we step outside of the two-sided invariant world and define a notion of a free product of
general Polish groups. The results of Section [3|are new for both the metric and the ultrametric settings.

Our notion of a free product depends on a number of parameters. We show that when these parameters
are “sufficiently large” the free product in our sense contains the usual free product of abstract groups as its
dense subgroup. To establish this fact, we show, in particular, the following

Theorem (see Theorem [3.8]). Let G and H be Polish groups. There are a Polish group T and embeddings
Yo : G =T,y : H— T such that (v (G), vy (H)) is naturally isomorphic to the usuaﬂ free product G * H.
Moreover, if G and H admit compatible left invariant ultrametrics, then T can be chosen to admit such a metric
as well.

1.2. Notions and notations. To establish the terminology, recall that an ultrametric space is a metric space
(X, d) in which the metric satisfies a strong form of the triangle inequality:

d(21, ) < max{d(z1,x3), d(x3, 2) }

for all z1,x9, 23 € X. A Polish space is a separable completely metrizable topological space, and a Polish
group is a topological group which is a Polish space. By a metric group we mean a pair (G, d ), where G is a
topological group, d is a metric on G, and the topology induced by d coincides with the topology of G; such
metrics will be called compatible. A metric d on G is said to be left invariant if

d(fg1, fg2) = d(g1, 92)

for all f,g1,92 € G; the definition of a right invariant metric is symmetric. A metric d on G is two-sided
invariant if it is both left and right invariant.

We also need the notion of a group completion. If (G, d) is a metric group with a left invariant metric d,
we let D be the metric on G defined by

D(g1,92) = d(g1,92) +d(97", 95").

Note that D is compatible with the topology of G, but in general it is neither left nor right invariant. Let
(G, D) denote the Hausdorff completion of the metric space (G, D). It turns out that the group operations on
G admit a unique extension to GG, and the complete metric D turns G into a topological group. The group G is
called the group completion of G. As a topological group, G does not depend on the choice of the compatible
left invariant metric d on G.

Given two (ultra)metric spaces (X, dx) and (Y, dy) and a common subspace A = X NY, which is assumed

to be closed in both X and Y, with
dx(ay,a2) = dy(a1,az) forallaj,as € A,
we define the (ultra)metric amalgam of X and Y over A to be the metric space (Z,dz), Z = X UY, dy
extends both dy and dy, and forr € X andy € Y
inf (dx (z,a) + dy(a,y)) in the metric setting,
dz(@,y) = :irzg max{dx (z,a),dy(a,y)} in the ultrametric setting.

Note that (Z,dz) is again an (ultra)metric space and that (X, dx) and (Y, dy) are naturally subspaces of Z.
By taking isometric copies of spaces we can define the amalgamation of (X,dx) and (Y, dy) over (A, d4)
whenever we have two isometric inclusions tx : A — X and 1y : A = Y.

Two-sided invariant (ultra)metrics are characterized among left invariant (ultra)metrics by the following
inequality.

Proposition 1.1. Let d be a left invariant metric on a group G. The metric d is two-sided invariant if and only if
gy gu, fr ) <D d(gi, f2)
i=1

forall g;, f; € G and all n € N. If d is an ultrametric, then moreover
d(gr- - gns f1--- fa) < 1?%Xn{d(gi7fi)}~

1We mean a free product of abstract groups. No topology is considered on G * H here.
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With a left invariant pseudo-metric d on a group G we may associate a pseudo-norm N : G — R+ defined
by N(f) = d(f,e) and satisfying for all g, g1,92 € G
(i) N(g9) >0, N(e) =0; N(g) > 0 for g # e if and only if d is a metric;
(i) N(g) =N(g™");
(iii) N(g192) < N(g1) + N(g2);
If d is an ultrametric, then item becomes

@D’ N(g192) < max{N(g1),N(g2)}.
If d is two-sided invariant, then

(iv) N(gg197") = N(g1).
The correspondence between left invariant metrics and norms is bijective: d(gi,g2) = N(g; 'g2) is a left
invariant metric on G for any norm N.

Expression [m, n| will denote the interval of natural numbers {m, m + 1,...,n — 1,n}. For a set X we let
W(X) to denote the set of nonempty words in the alphabet X. The length of a word w € W(X) is denoted
by |w| and w(¢) denotes its ith letter. If w € W(X) is a word of length n and F' C [1,n], F = {j1,...,Jm}
with j; < jo < -+ < jm, then w(F) denotes the word w(j;)w(jz2) - - - w(jm). The minimal element of F is
denoted by m(F), and M (F) denotes its maximal element: m(F) = j1, M(F) = jn,.

1.3. Graev (ultra)metrics on free groups. We now describe the construction of Graev metrics and Graev
ultrametrics on free groups following [[DGO7b] and [[Gao13]]. Since these two constructions are very similar,
we give them in parallel. A pointed (ultra)metric space is a triple (X, d, e), where (X, d) is an (ultra)metric
space and e € X is a distinguished point. Let X ! denote a copy of X with elements of X ! being formal
inverses of the elements of X with the agreement XNX ~! = {e}, thatis, e~! = e. Extend d to an (ultra)metric
on X ! by declaring d(z~!,y ') = d(,y) forall z,y € X. Let (X, d, e) denote the (ultra)metric amalgam of
(X,d) and (X!, d) over the subspace {e} = X N X!, see Figure[l] We can extend the inverse z — 2! to a
function on X by setting (z~!)~! = 2. To summarize, starting from a pointed (ultra)metric space (X, d, ) we
construct in a canonical way a pointed (ultra)metric space (X,d,e), X is a subspace of X and the function
X > o+ 27! is an isometric involution. We shall say that X is obtained from X by adding formal inverses.

X71

FIGURE 1. X is the amalgam of X and X ! over {e}.

By F(X) we denote the free group with generators X \ {e} (therefore there is a slight abuse of notations, since
a proper notation would be F(X \ {e})). The set X is viewed as a subset of F(X), where ¢ € X is identified
with the identity element of the free group. We have a natural evaluation map W(X) > w + 0 € F(X), ©
being just the reduced form of w. This map is surjective. For two words u;,us € W(X) which have equal

lengths |u1| = n = |uz| we define

n
d(uq (1), uz(i)) in the metric case,
=1

plur,ug) = 1= , _
m<ax{d (u1(i),uz2(i))}  in the ultametric case.

Finally, the Graev (ultra)metric § on F(X) is defined by
5(f1, f2) = inf{ p(u1,u2) | us € W(X), @ = f;, |ur| = |ug] }.

Theorem 1.2 (Graev [|Gra51]], Gao [Gaol3D. The function ¢ is a two-sided invariant (ultra)metric on the
group F(X). Moreover, ¢ extends d on X.
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In order to describe an explicit formula for Graev metrics we need the notion of a match. Let F' be a finite
set of natural numbers F' = {iy}7_,, i1 < iz < --- < i,. A match on F is a bijection § : F' — F such that
0(6(i)) =i for all i € F, and there are no k <  such that 6(i),) = iy, 6(i;) = iy and k < | < p < ¢. In other
words we can think of a match as a set of arcs connecting elements of F' such that two arcs are either disjoint,
or one of the arcs is contained in the other one, see Figure [2 We shall sometimes say that 6 is a match on

a word w meaning that 6 is a match on its letters, which we then identify with the set {1,...,|w|}. Iffis a
match on F' and {j1,...,jm} C F such that j; < jo < -+ < jm, and 0({j1,...,Jm}) = {j1,- .-, Jm}, then the
restriction of 6 onto the set {ji,...,j} is a match on {ji, ..., jm}, but we shall abuse the terminology and
say that 6 itself is a match on {41, ..., j., } in this case.

N m

FIGURE 2. An example of a match on the set {1,...,9}.

If w € W(X) and @ is a match on w, the word w? is defined by

wl(i) if 0(i) > i,
wl(i) = e if 0(i) = 4,
w(f(i)) " if () <.

Is is straightforward to check that 1’ = e for any w and any . For example, if @ is the match in Figure
then for the following word w we have

= I Z9 I3 Ty Ts Te xT7 Tg ZT9
w? = T T2 332_1 T4 x5 375_1 € 334_1 xl_l
Theorem 1.3 (Sipacheva-Uspenskij [SU87]], Ding—Gao [[DG07all, Gao [|Gaol3|]). Let § be the Graev (ultra)metric
on the free group F(X). For any f € F(X)

5(f,e) = min{ p(w,w’) | w is the reduced form of f, 6 is a match on w }.

In order to explain the generalized Graev metrics we need yet another tool.

Definition 1.4. A scale on a pointed set (X, e) is a function I' : X x RT — R™ satisfying for all z € X and all
r € Rt
@) Tle,r)=r,T(z,r) >1;
(i) I'(«,r) =0if and only if r = 0;
(iii) T'(«x,-) is a monotone increasing function with respect to the second variable;
(iv) }% I'(z,r) = 0.

By a scaled (ultra)metric space, or for brevity just a scaled space, we mean a tuple (X,d,e,I'), where X is
obtained from some pointed (ultra)metric space X by adding formal inverses and I is a scale on X. We shall
denote scaled spaces with bold letters X, Y, etc. Let X = (X, d, e,I') be a scaled space. Following [DGO7b]
and [Gao13]], for a match 6 on a word w € W(X) we define the number N%(w) = N?(w) by induction on the
length of w as follows.

(i) If w = x for some = € X, then N’(w) = d(z, e); if w = 125 and (z) = x5, then N?(w) = d(x1, x5 ).
(ii) If §(x1) = 2 and k < |w|, then w = ujuy for some words u; € W(X) with |uy| =k, [ug| =n — k, fis a
match on both u; and us, and we set

N NO(uy) + NO(us) in the metric case,
w) =
max{N’(u;),N?(uz)} in the ultrametric case.
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(iii) If O(z1) = 2, n = |w|, then let w = xyux,, for u € W(X), x1, 7, € X, 0 is a match on u and we set

d(z1,z;b) + min{F(xl_l, Ne(u)) : F(mn, N"(u)) } in the metric case,
N’(w) = T 4 . .
max{d(xl, z,t), mln{F(ml ,N(’(u)), F(mn, Na(u)) }} in the ultrametric case.

The Graev (ultra)norm N. = N of the scale T is defined by
N(f) = inf{ N°(w) | w € W(X), @& = f and 0 is a match on w }.

Proposition 1.5 (Ding—Gao [DGO7b], Gao [[Gaol3]). Let (X,d,e) be a pointed (ultra)metric space. The
function f +— N(f) is an (ultra)norm on the group F(X), and the latter is a topological group in the topology
of N. The natural inclusion map X — F(X) is an isometry.

We denote by F(X) the free group F(X) together with the Graev norm N and view X as a subset of F(X).
A canonical scale on an (ultra)metric group (G,d) is a map Sg : G x Rt — R™T defined by

Salg,r) = max{r, sup{d(g~'hg,e) | h € G, d(h,e) < r}}

Let X = (X,d,e,T") be a scaled space, (G,dg) be an (ultra)metric group, and I'¢ be a scale on G. A map
¢ : X — G is called a Lipschitz morphism with respect to the scale ' if for all z,y € X and all » € R*

(D) o(e) = e

(D) ¢(z~") = d(x)™h

(i) de(o(x), (y)) < d(z,y);

(iv) Ta(p(z),r) < T(x, 7).
We say that ¢ is a Lipschitz morphism if it is a Lipschitz morphism with respect to the canonical scale S¢. In
general we shall use the term Lipschitz to mean 1-Lipschitz.

Proposition 1.6 (Ding—Gao [DGO7b], [[Gaol3]l). Let ¢ be a Lipschitz morphism from a scaled space X into
an (ultra)metric group G. The map ¢ extends to a Lipschitz homomorphism ¢ : F(X) — G. If G is completely
metrizable, then ¢ can be further extended to a continuous homomorphism ¢ : F(X) — G.

2. GRAEV ULTRAMETRICS ON FREE PRODUCTS

Let (G,dg) and (H,dy) be ultrametric groups with two-sided invariant metrics, let A = G N H be a
common closed subgroup; we assume that the metrics agree: dg(a1,a2) = dg (a1, as) for all aj,as € A. We
shall define a two-sided invariant ultrametric § on the amalgamated free product G x4 H.

The construction of Graev metrics on free products mimics that on the free groups. To start, we have a
natural evaluation map:

WGUH)>w—weGx*4 H,
where 4 is just the product of letters of w. Note that this map is surjective. If w € W(GUH) and F C [1, |w]],

—

then the evaluation of the subword w(F') is denoted by w(F') (as opposed to w(F')). Let d be the ultrametric
on the amalgam GUH of (G, d¢) and (H,dy) over A. If uy, us € W(GU H) are two words of the same length
|ui| = n = |us|, we define p(u1,us) to be the maximum of distances between the corresponding letters:

p(ur,uz) = rzn<arz<{d(u1(i)7 us(i)) }.
The Graev ultrametric on the free product G x4 H is the function

§(f1, fo) = inf{ p(u1,u2) | @ = fi, |u1| = |uz] }.
Our goal is to prove

Theorem 2.1. The function ¢ is a two-sided invariant ultrametric on G x4 H. Moreover, § extends d on G U H.

As is typical for Graev metrics, it is straightforward to check that ¢ is a two-sided invariant pseudo-
ultrametric. The main difficulty is to show that distinct elements are never glued: §(f1, f2) > 0 whenever
i # fa-

Our arguments here are very similar to those in [SIul2]], and we shall outline the proofs and give references
for more details. Essentially the proofs are repetitions of the proofs fore the metric case when the summation
operation is substituted with the operation of taking maximum, e.g., like in Proposition Another, more
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important difference is that in [Slul2] the notion of an evaluation tree was used. In our approach here we
use instead the formalism of (maximal) evaluation forests, which has the advantage of working for both the
amalgams and HNN extensions in a uniform way.

The following proposition is essentially obvious.

Proposition 2.2 (cf. Lemma 5.1 [SIul2[]). The function ¢ is a two-sided invariant pseudo-ultrametric on G 4 H.

Let N : G x4 H — R be the pseudo-norm that corresponds to §: N(f) = §(f,e). In order to show that
5(f1, f2) > 0 for f1 # fo it is enough to show that N is a genuine norm: N(f) > 0 for f # e.

A pair of words (e, ¢), o, ¢ € W(GUH), is said to be an f-pair if |a| = ||, { = e, and & = f. The definition
of the function N can then be reformulated as

N(f) = inf{ p(,¢) | (a,¢) is an f-pair }.
To get a better understanding of the function N, we shall gradually add restrictions on the f-pairs («, (),
while still keeping the equality above.

2.1. Trivial words. Before going any further we need to understand the structure of trivial words in the
amalgam G x4 H. Aword ¢ € W(G U H) is said to be trivial if { = e.

We say that two letters z,y € G U H are multipliable if they both come from the same group: either
x,y € Gorx,y € H. We also say that a word w € W(G U H) is multipliable if all of its letters come from the
same group.

Definition 2.3. Let (7, <) be a poset, and let s,¢ € 7. We say that s is an immediate predecessor of t if s < ¢
and for any s < s’ <t either s’ = s or s’ = t. If s is an immediate predecessor of ¢, then ¢ is also said to be
an immediate successor of s. A finite rooted tree, or just a tree, is a finite poset (7, <) with a distinguished
element &, called the root, such that for any ¢t € T

e t 2 &, 1i.e., the root & is the largest element;
e {s€e€ T |t=s}islinearly ordered.

There is a natural graph structure on 7: we put an edge between s and ¢ whenever s is an immediate
predecessor of ¢ or ¢ is an immediate predecessor of s. With this assignment of edges 7 is a rooted tree in
the sense of the graph theory. In a tree 7, any element ¢ € T, except for the root, has a unique immediate
successor, which we denote by ¢*. A leaf in a tree is an element without predecessors.

A finite forest is a finite poset (F, <) which is a disjoint union of rooted trees 7 = U!_,7;, where two
elements are incomparable if they belong to different trees. The root of the tree 7 is denoted by &(7") and
F*? denotes the set of roots of trees in F:

F?={a(T)| Tisatreein F }.
An evaluation forest on an interval [1, n] is a forest F together with an assignment ¢ — I, C [1,n] such that
forallt,s e F
(i) I is a non-empty subinterval of [1, n];
(ii) [1,n] = U7 Iz(1), where the union is taken over all trees 7 in F;
(iii) I, N I; # @ if and only if s and ¢ are comparable in F;
(iv) s Xtifand onlyif Iy C I;
(v) if s < ¢, then m(I;) < m(I;) < M(Is) < M(I;), and in particular Iy C I;;

Let ¢ € W(G U H) be a word of length n such that ¢ € A and let F be an evaluation forest on [1,7]. We

say that F is an evaluation forest for ¢ if additionally for all t € F
(vi) ((It) € 4;
(vii) ((R;) is multipliable, where R; = I; \ |J,_, Is; the set R, is called the reminder of the interval I;.

We say that an interval I C [1,n] is decomposable (relative to () if one can write I as a disjoint union of
non-trivial subintervals I = .J; LI J, with {(.J;) € A and ((.J,) € A; otherwise we say that I is indecomposable
(relative to ().

Let F be an evaluation forest for (. We say that F is maximal if for all t € F
(viii) I is indecomposable;

(ix) if J C I; is a non-empty subinterval with f(J) € A, and for all s < t either I, C J or I, N J = &, then
J < Us<t L.
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Example 2.4. The notion of a maximal evaluation forest is quite technical, and we illustrate it on a concrete
example. Consider the word ¢ € W(G U H) given by

¢ = g1 b g2 hi hy g3 g4 hs g5 g6 g7 ha gs go hs he gio hr hs gn
where g, € G\ A, h; € H\ A, and b € A. Suppose also that the following identities hold:
9394 = a1 hshe = a3 hihoaihgashy = as g1bg2a598 = ar
959697 = Q2 h7hs = a4 990391004911 = Qg

for some a; € A. In particular, { = a7 - ag € A. Pictorially cancellations in ¢ can be represented as follows.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
¢ = g1 b g2 hi hy g3 gs hs g5 g6 g7 ha g8 g9 hs he gio hr hs g1
J

L J L
L I L I
L I

The corresponding evaluation forest 7; for ¢ is shown in Figure 3| But note that ¢ has other evaluation
forests as well (for instance, the forest F; in Figure .

[1,13) Fio [14,20] F [1,20]
| /N N\
[4,12] [15,16] [18,19] 2,2] [4,12] [15,16] [18,19)]
7\ 7N\
[6,7]  [9,11] 6,7 [9,11]

FIGURE 3. Two evaluation forests for (. None of them is maximal.

Intuitively speaking an evaluation forest F for { captures the combinatorial structure of cancellations:
leaves of the forest are multipliable subwords that when multiplied produce an element from A, elements
whose all predecessors are leaves correspond to subwords that after the evaluation of leaves become mul-
tipliable and when multiplied yield and element from A, etc. Informally F is a set of subintervals with
multipliable remainders such that two intervals are either disjoint or one is contained in the other, and in the
later case the containment is strict in the sense of item ().

The forests F; and F; in Figure |3| are not maximal. In F; item fails: for I = [1,13] we may add a
subinterval J = [2,2]. The forest F,, which consists of a single tree, is not maximal because of the failure
of item (Wiil): we have I, = [1,20] and Iy = [1,13] L [14,20] with ([1,13]) € A and ([14,20]) € A. But
these are the only obstacles that prevent F; and F» from being maximal (provided that no further relations
between elements g; and h; hold; for instance, if also h1ho € A, then the forest in Figure [4]is not maximal
either). It is therefore easy to modify these forests to get a maximal forest F3, which is shown in Figure

[1,13] 14, 20]
/N Fs
[2,2] [4,12] [15,16] [18,19]
/
6,7 [9,11]

FIGURE 4. A maximal evaluation forest for (.

Item (ix) can be reformulated in a number of ways. If J C I, is a subinterval with {(J) € A such
that JN I, = @ or I, C J for any s < ¢, then the condition J C |J,_, I is equivalent to saying that

J = |_|i:]C I;, for some 1 < k < < m, where s1,..., s, are the immediate predecessors of ¢ listed in the
order M(I,,) < m(I,,,). Yet another reformulation would be to say that J N R; = @. So item (fix)) prohibits

the situation shown in Figure |5] where stars represent elements of R;.

Remark 2.5. If F is a maximal forest on ¢ and ¢ is such that (i) € A, then there must be a node ¢, € F such
that I;, = [¢,]. Indeed, if this were not the case, we would find the smallest ¢ € F such that {(i) € I; and
obtain a contradiction with for I; and J = [i,1].
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[ <] 1
L= %[00 %+« [T + * (1] + [1,]+ |

FIGURE 5. Such an interval .J with ((J) € A is prohibited by item (i).

Remark 2.6. While there is much less freedom in constructing maximal evaluation forests when compared to
general evaluation forests, there is still some amount of flexibility. Here is a concrete example. Let G = Sg —-
the symmetric group on six elements, and let A = {e} be the trivial subgroup. The group H does not matter,
since our word will use only letters from G. Consider elements of G

g1=(12), ga=(34), gs=(12)(34), f1 =(12)(34)(56), f2 = (56).

The word
1 2 3 4 5 6 7

¢= fi ;1 92 92 91 93 Ja
is trivial and it has two maximal evaluation forests (see Figure [6]).

Fi[1,7] Fy [1,7]
| |
2,5 4,6
|
3,4

FIGURE 6. Two distinct maximal evaluation forests for ¢, each consisting of a single tree.

Proposition 2.7. Any word ¢ € W(G U H) with { € A has a maximal evaluation forest.

Proof. We prove the statement by induction on the length of ¢. If |(| = 1, then { = a for some a € A, and
therefore we may take F to consist of a single root F = {@} with Iy = [1,1].
Suppose the proposition has been proved for all words of length < n and let ¢ have length n.

Step 1: Decomposing [1,n]. If [1,n] is decomposable and [1,n] = J; Ll J, with {(J;) € A and ((J5) € A, then
we may apply the assumption of induction to the words ¢; = ((J1), (o = ((J2) and obtain their maximal
evaluation forests F; and JF, respectively. The maximal evaluation forest for ¢ is then just the union of F;
and F» with the natural assignment of intervals.

We therefore may assume that [1, n] is indecomposable.

Step 2: Typical case. Suppose that we can find a proper subinterval J C [1,n] such that [J| > 2 and {(J) =
a € A. Let (; be the word obtained from ¢ by evaluating ((J):

¢1=¢([L,m(J) = 1]) a ¢([M(J) + 1,n]).
Since |J| > 2, the length of (; is less than n, hence by the inductive assumption we may find an evaluation
forest F for ¢; with the assignment of intervals ¢ — J; C [1,|¢1]]. Let now I; be the subintervals of [1,n]
obtained from J; by inserting ¢(.J) back into ¢;, or, more formally:

[m(Jy), M (J¢)] it m(Jy), M(J;) <m(J),
I = § [m(Jy), M(J) + | J| = 1] if m(Jy) < m(J) < M(J),
[m(J) + [J| = 1, M(Jy) + [J| = 1] if m(J) < m(Jy), M(J).

By the maximality of F; for (i, the intervals J; are indecomposable relative to ¢;, but this may no longer
be true for the intervals I, relative to ¢, because an interval I, with m(J) € I, has more possibilities for
decomposition than the corresponding interval J;.

The subword ((J) itself has length < n, and therefore the inductive assumption yields its maximal evalua-
tion forest 7. Since ¢; (m(J)) =a € A, by Remarkthere is some to € Fy such that J;, = [m(J), m(J)].
The naive approach would be “to put the forest F> instead of the node #,” (see Figure . This does not work
in general precisely because some of the intervals I, may be decomposable.
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t
Fi
t
to
j Fa

FIGURE 7. Naive approach of constructing F.

In order to fix this let ¢; € F; be the maximal node with I;, being decomposable (note that m(.J) € I; for
all decomposable intervals I;, hence such intervals are comparable, and the largest node ¢; exists). If all I; are
indecomposable, we set t; = ty. Note that ¢; is not the root of Fi, since I is assumed to be indecomposable.
In particular {(I;,) has length strictly less than n, and therefore by the assumption of induction it admits a

maximal evaluation forest F» with intervals s — K.

Fa

FIGURE 8. A possible example of the forest 7.

We define the forest F for ¢ by
f:{86f1|8ﬁt1}|_|./—"2,

with the ordering extending the orderings of F; and F» and s < t] for all s € F, (see Figure [8{and Figure E])
The assignment of intervals F > ¢ — I, is the natural one: we have already defined I, for ¢t € 7, N F, and for

s € F the interval I, is just the interval K shifted by m(l;,) — 1:
I, = [m(KS) +m(It1) - 17M(Ks) + m(‘[tl) - 1]

FIGURE 9. The forest F = {s € Fy | s A t1 } U Fa.

We claim that F with s — I, is a maximal evaluation forest for (. It is straightforward to check that F is
an evaluation forest and item follows immediately from the construction. It remains to check item ([ix]).
For s # t] item (fix) follows from the maximality of F; and F,, we need to check it only for ;.
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Suppose we have a subinterval L. C Itf such that C (L) € A, forall s < tf either , NL=@orl, CL
and L N Rtf # @. Let s1,...,5, be the immediate predecessors of ¢{, and let si,...,s; be those of the

predecessors of ¢ that correspond to the roots of F». Note that the intervals I, are adjacent for k < i < I:
M(I,,)+1=m(Is,,,). The idea is to construct an interval L that will contradict item ([ix]) for ¢;" in the forest
F1. We have several cases.
Case 1: LN I,, = @ for all k < ¢ <. In this case the interval L naturally corresponds to a subword of (3;
let
~ JL if M(L) < m(I,),
[m(L) — |Ii;| + 1, M(L) — |I,,| + 1] if M(I,,) < m(L).
We now get a contradiction with item (ix]) of the maximality of JF; for ¢; with J. o and L.
We therefore may assume that either I, C L or I, C L. In either case, we may enlarge L to an interval
L' defined by (see Figure

L’:LU(UISi),
i=k
—— L —
]t;r: *[151] * k% [Isz][]ssnlm] * Ok [Iss} * ok []se]*
| L’ ]

FIGURE 10. The construction of the interval L’. Here k = 2 and [ = 4.

Case 2: L' = Itf- In this case L is either an initial subinterval of Iﬁ, or a terminal subinterval. In both
cases ;' is decomposable contrary to the choice of ¢,.

Case 3: L' # It;r. Since I;, C L' for all s; that correspond to the roots of F, we may let L' be the
subinterval of Jor that corresponds to L’:

L'=[m(L'),M(L) — |I,| + 1].

We again get a contradiction with item and maximality of F; for ¢y, since L’ is a proper subinterval of
J,+ by the assumptions of this case.
1

Step 3: Degenerate case. In the last step we suppose that one cannot find any J C [1,n| such that |J| > 2 and
((J) € A. It is easy to see that in this case ¢ must be multipliable. Let iy, ..., i,, be the list of letters from
A: ((ig) € A for all K < m. We must have i;, + 1 < iy41, because if we had two consecutive letters from A
at indices, say, 7 and ¢ + 1, there would be a contradiction with the assumptions of this step for J = [, + 1].
(To be precise, we get a contradiction if also n > 3; if n = 2, and { = a; a2, then the maximal evaluation
forest consists of two trivial trees [1,1] and [2, 2].) Note also that 1 < ¢; and ,, < n, because otherwise [1,n]
is decomposable. Put now F = {@,t1,...,t,,} and Iy = [1,n|, I, = [ik,ik]. It is straightforward to check
that F is a maximal forest for (. a

2.2. Reductions. An f-pair (o, () is said to be multipliable if «(i) is multipliable with (i) for any i. (We
therefore use the word multipliable in two senses: a word is multipliable if all of its letters come from the
same group, while a pair of words is multipliable if for each index corresponding letters of two words are
from the same group.) Our first reduction states that in the definition of the norm function N one may take
only multipliable pairs.

Lemma 2.8 (cf. Lemma 5.2 [Slul2]). Forany f € G4 H
N(f) =inf { p(e,¢) | (e, ¢) is a multipliable f-pair }.

Proof. The idea of the proof is simple. Let («, () be an f-pair. Fix an € > 0. If we have letters «(¢) and ¢(7)
which are not multipliable, then by the definition of the metric d on G U H we can find an element a € A
such that

d(a(i),¢(i)) > max{d(a(i),a), d(a,((i))} — €.
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Let 2 = (i) - a—'. We now substitute the word ‘z o’ into « for the letter «(i) and the word ‘e {(¢)’ into ¢ for
the letter ¢(i ) In other words, if (e, ¢) is written as
i—1 % i+1
a= coai—1) a(i) a(i+1)
¢= - -1 <@ <G+1)
then the pair (a1, (1) after this substitution can be written as
i1 i i+1 i+2
ay = ai—1) a(i)-a”t a  a(i+1)
G= - (-1 e (@) ¢i+1)

One now does this procedure for all ¢ such that «(i) and ¢(¢) are not multipliable. The resulting pair (53, )
is multipliable, and by the two-sided invariance of the metric d we have p(3,¢) < p(a, ) + €. Since the pair
(, ¢) and e were arbitrary, we get

=inf{ p(B,€) | (8,€) is a multipliable f-pair }. O

Lemma 2.9 (cf. Lemma 5.4 and Lemma 5.5 [SIul2]). Let («, () be a multipliable f-pair, and let F be a
maximal evaluation forest for (. There exists a multipliable f-pair (3,&) such that

(W [¢] = I¢l;

(ii) F is a maximal evaluation forest for ¢ (with the same assignment t +— I;);

(i) p(e, ) = p(B,8);

(iv) (L) =eforallt € F;
Proof. The proof is based on the following observation. Let a € A, i < |a, and define a pair (a1,¢1) b
changing a(i) to a(i) -a™!, a(i + 1) toa - a(i + 1) and also ((i) to ((i) -a~* and ((i + 1) to a - (i + 1):

i i+1
a= 10} ali+1)
(= ) Cli+1)

1
o = o ai)-at a-ai+1)
= C@)at a((it1)

We call this operation a transfer operation. Observe that (a1, (;) is also a multipliable f-pair, p(«, () =
plar, ¢1), and F is still a maximal evaluation forest for ¢y, since ¢1(j) € A if and only if ¢(j) € A. A typical
application of the transfer is for a = ((I;) and i = M (1), which yields a pair (a1, ¢;) with ¢, () = e.

To obtain the desired pair (3, £), we apply the transfer operation for all intervals I, t € F \ F2. But this
has to be done in a consistent order. We traverse the forest 7 “from leaves to roots” and “from left to right”.
Somewhat more formally, we can define a function h : 7 — N by A(t) being “the longest downward path to a
leaf”. For example, h(t) = 0 if and only if ¢ is a leaf, h(t) = 1 if and only if all the predecessors of ¢ are leaves,
etc.

Let t1,...,t,, be all the leaves of F ordered in such a way that M (I;,) < m(I;,_,). First we apply the
transfer for a = f([tl) at the index M (I;,) and obtain a pair (a1, (1) such that él(Itl) = e; next we apply the
transfer with a = (; (I,,) to this new pair at the index M(It2) and get (aw, (o) with (g(lfl) =cand (I,,) =,
etc. It is important that at the second step we take a = (;(I;,) as opposed to a = {(I;,), since these may not
be equal when M(I;,) + 1 = m(I;,). Once we get (o, (), we continue with nodes ¢ such that h(t) = 1,
again ordering them “from left to right.”

From item (v]) of the definition of the evaluation forest it follows that transfers at nodes with higher values
of h(t) do not ruin the equalities {;(I,) = e for nodes s with smaller h(s).

Note that transfer operations within different trees commute with each other. We continue the above
process for all t € F\ F2, and let (31, &) be the resulting pair. It satisfies p(81,&1) = p(«, (), F is a maximal
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evaluation forest for &, and &, (I;) = e for all t € F?. To achieve the latter equality for roots, we again apply
the transfer. Let @y, ..., @, be the list of roots of F. As usually we assume that M (I,) < m(Ig,,,). We let
(B2, &) be the transfer of (81,&,) with a = & (I,) at i = M (I, ); let (83, &3) be the transfer of (35, &) with
a =& (I,) ati = M(I,); etc. We continue this process until the penultimate root @, _;: the pair (3,,&,) is
obtained from (8,_1,&,—1) by transfer with a = ép_l(lgpil) ati= M(Ig,_,).

We set (3,¢) to be the pair (5,,¢,) and claim that it satisfies the conclusion of the lemma. All the items
follow immediately from the construction with one exception: we have to explain why is it the case that

£(Iz,) = e. This follows from the observation that
é = 5(1@1) ' 5(1@2) o é(I@p71) : é(Igp) = é(I@p)a
and from £ = e, since £ = ( =e. a

Remark 2.10. In the context of the above lemma it follows that £(i) = e whenever £(i) € A, since F is
maximal and any i with (i) € A corresponds to an interval I, = [i, 1] for some ¢ € F by Remark[2.5]

An f-pair (o, () with a maximal evaluation forest F for ( is said to be simple if for all ¢ € F one has
(L) =e. Lemmathen implies that for any f € G x4 H

N(f) =inf { p(e, () | (,¢) is a simple f-pair }.

2.3. Symmetrization. Simple pairs are important, because they allow for the following symmetrization
operation. Let («, ) be a multipliable f-pair with an evaluation forest 7 and let t € F be a node with the
reminder R;. Let i1 < i3 < --- < i,, be some of the elements of this reminder i;, € R; and suppose that:

o ((ir) & Afor all k;

o ((j)=ecforall j e R\ {ix}q;

e ((I,) = e for all immediate predecessors s < t;

o (L) =e.
A typical example of such a situation comes from a simple pair («, ¢) with a maximal evaluation forest F: for
some ¢ € F with |I;| > 2 we may set {i;}}" ; = R;. Under these assumptions the symmetrization of («, ()
with respect to {i}7-; and ko, 1 < ko < m, is the pair («, £), where ¢ is defined by

¢(7) if i # 4y, for all k,
£(1) = ¢ ai) if i =iy, for k # ko,

aligg—1) 7" alin) T alim) T ik 4r) T i = g

Schematically symmetrization is showed on the following diagram:

i1 i2 ihg—1 kg ihg+1 in
a = DY gl DY 92 ...... gko—l ... gk‘,o DY gk0+1 ...... g/,,/
C — * K e * * k0 e *
§: gl e 92 ...... gko—l e x gk0+1 ...... gn

where z is such that
EIr) =E&(Rt) = g1 Gho—18Gko+1 """ Gm = €,

: _ -1 -1, -1 ~1
l‘e_,x_gko_l...gl .gm ...gk0+1_

If (, ¢) is a multipliable pair, ¢t € F, and the listi; < - -- < i, of elements in R, satisfies the requirements
for symmetrization, we call such a list symmetrization admissible.

Lemma 2.11 (cf. Lemma 5.6 [Slul2]). If («, () is a multipliable f-pair with an evaluation forest F, and («, &)
is obtained from («, ¢) by symmetrization according to a symmetrization admissible list {i}7" , then (o, &) is
also a multipliable f-pair, F is an evaluation forest for £ and p(«, &) < p(5, ().
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Proof. The proof follows from the following calculations:

d(aling), ) = d(aliny)s aling-1) " -+~ alit) ™" alim) ™"+~ aling 1) ™)

= d(a(ir)---alin),e) [by the two-sided invariance of d ]

= d(a(ir) -+ alin), () ((in))  [since {(Ry) = ¢]
< max d(a(ix), C(ir)) [ by Proposition[1.1]] O
Recall that a word oo € W(G U H) is said to be a reduced form of f € G x4 H if & = f and « is reduced
in the sense that for no i letters «(i) and a(i + 1) are multipliable. We say that a simple f-pair with a
maximal evaluation forest («, () is reduced if « is a reduced form of f. Note that when A # {e}, the reduced

form of an element is not unique, but the length of the reduced form is nevertheless well-defined (see, for
instance, [Slul2, Lemma 2.4]).

Lemma 2.12 (cf. Lemma 5.8 [Slul2]). Forany f € Gx, H
N(f) = inf{ p(e,¢) | (e, ¢) is a reduced f-pair }.

Proof We start with an observation. Let («, 8) be a multipliable f-pair and suppose that there is an index 4
such that letters a(7), a(i + 1), {(¢) and {(¢ + 1) are pairwise multipliable. We may shorten the pair («, ¢) by
considering the products «(¢) - a(¢ + 1) and ¢(4) - ((¢ + 1) as single letters. More formally, we let the word S
to be defined by

a(j) if j <4,
BU) = i) ali+1) ifj=i,
a(j+1) if j > 1.

The word ¢ is defined similarly using ¢ instead of «. The pair (3, €) is also a multipliable f-pair, |5| < |«|,
and p(8,¢) < p(a, (), since by Proposition [1.1]
d(a(i) - a(i+1),¢(@) - ¢(i + 1)) < max{d(a(i),(()),d(ai+1),((E+1))}.

Note that a word &« € W(G U H) with & = f is a reduced form of f if and only if « is the shortest word
that evaluates to f: if «; € W(G U H) is such that &; = f, then |o;| > |a|. Based on this Lemma [2.9]implies
that if («, ¢) is a multipliable f-pair in which « is a reduced form of f, then there exists a simple f-pair (53, &)
such that p(5,¢) < p(e,¢) and |5| = |af, i.e., (B,€) is a reduced f-pair. Hence to prove the lemma it is
enough to show that for any non-reduced simple f-pair («, 3) there is a multipliable f-pair (3,¢) such that
p(B,€) < p(e,€) and [B] < |a.

Pick a non-reduced simple f-pair (o, ¢). If i such that «(¢) and «(i + 1) are multipliable and «(¢), a(i +1) &
A, then a(i),a(i + 1),{(i), and {(i + 1) are pairwise multipliable and we may shorten the pair by our
observation above. We therefore need to consider the case a(i) € A for some i. Let ¢t € F be such that i € R;.

In a typical situation |R;| > 2 and we may choose j € R; such that j # i. Let (o, &) be the symmetrization
of (a, () according to R, at j. By Lemma[2.11] p(cv, &) < p(e, ¢) and also £(i) = (i) € A. Since (o, €) is also
a multipliable f-pair, all the elements «(i), a(i + 1), £(4), and £(¢ + 1) are pairwise multipliable, and we may
finish the proof as before by shortening the pair (¢, ).

Finally, if |[R;| = 1, then R; = I, = [i, 1], hence ((i) = e, and again «(3), a(i + 1), ((i), and {(i + 1) must
be pairwise multipliable. O

Theorem 2.13 (cf. Proposition 5.9 and Theorem 5.10 [Slul2]). The function § is a two-sided invariant
ultrametric on G x4 H. Moreover, § extends d on G U H.

Proof By Lemma we have
N(f) = inf{ p(,¢) | (a,¢) is a reduced f-pair }.
First we show that § extends d. If f € G U H, then the unique reduced f-pair is the pair (f, ¢), whence
6(f,e) =N(f) =d(f,e).

Ifg € Gand h € H, then reduced gh~'-pairs are of the form (g; h;*, e ¢), where g; = g-aand h; ' =a~*-h~!
for some a € A. Therefore

d(gi,e) =d(g,a™ "), d(hi'e) =d(h ', a)=d(a" ' h).
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Since d by definition is the ultrametric amalgam of metrics di and dy on A, it follows that §(g, h) = d(g, h).
Thus § extends d on G U H.

We show that N(f) > 0 for any f # e. Since we already know that § extends d, it is enough to consider
the case f ¢ A. Pick a reduced form ag of f and let € be such that d(ao(i), A) > e > 0 for all i (here we
use that A is closed in both G and H). Note that if « is any other reduced form of f, then |a| = |ag| and
Aa(i)A = Aoy (i)A for all ¢, [Slul2, Lemma 2.4].

So let (e, ¢) be any reduced f-pair, and let F be an evaluation forest for ¢. Pick a leaf ¢ € F. The subword
¢(I:) is multipliable. Since «(7) is multipliable with ((¢) for all i, and since «(i) is not multipliable with
a(i+ 1) (because « is reduced), we get that either ¢(m(l;)) € A, or {((m(I;) + 1) € A. In any case, there is
an index j such that {(j) € A. This shows that

ple, C) = Zr_g?gl{d(a(i),é(i))} > d(a(5),¢(5)) = d(a(j), A) = d(ao(j), A) = € > 0.
And therefore also N(f) > e. This proves that N is a genuine ultranorm on G %4 H. O

Remark 2.14. The above result is valid for any number of factors: if (G, dx)xea is a family of ultrametric
groups with two-sided invariant ultrametrics dy, A is a common closed subgroup of the groups G, metrics
d, agree on A, then one can define in a similar way a two-sided invariant Graev ultrametric § on the free
product % 4, G over all A € A, which extends metrics d.

2.4. Graev ultrametrics on HNN extensions. Let GG be a group, A, B < G be its subgroups, and ¢ : A — B
be an isomorphism. One way to construct the HNN extension of (G, ¢) is as follows. We start with free
products G * (u) and G « (v), where (u) and (v) are free groups on one generator. The map ¢ gives rise to
an isomorphism G * uAu~! — G * vBv~!. Let H be the amalgam of the groups G  (u) and G  (v) over
the subgroups G * uAu~! and G * vBv~! (which are canonically isomorphic to (G,uAu~!) and (G,vBv~1)
respectively). The HNN extension of (G, ¢) is the subgroups of H generated by G and the element v~'u,
called the stable letter of the HNN extension.

The construction of Graev metrics given in Sections 8 and 9 of [|SIul2] can be carried in the ultrametric
setting, essentially by substituting the max operation for the operation of summation. In particular, one can
prove the following.

Theorem 2.15 (cf. Theorem 9.1 [Slul2]). Let (G, d) be an ultrametric group with a two-sided invariant metric
d, A and B be closed subgroups of G and ¢ : A — B be a d-isometric isomorphism. If diam(A) < K, then
there exists a two-sided invariant ultrametric § on the HNN extension H of (G, ¢) which extends d and such that
d(t,e) = K, where t is the stable letter of H.

3. FREE PRODUCTS OF POLISH GROUPS

In this section we introduce and investigate a notion of a free product of Polish groups. Our construction
goes as follows. First we define unions of scaled spaces and argue that the union of scaled spaces X and Y
gives rise to a natural notion of the free product of the free groups F(X) and F(Y). Next using the surjective
universality of groups F(X) we define free products of Polish groups as factors of F(XUY). Our construction
of a free product of Polish groups GG and H is not canonical. It takes for input two scaled spaces X, Y, left
invariant metrics dg and dy on G and H respectively, and surjective Lipschitz morphisms ¢ : X — G and
¢g 'Y — H. Universal properties of our construction that are reminiscent of the universal properties for
free products of abstract groups are given in Proposition

While the results of the previous section are companions of the corresponding earlier result in the metric
setting, the free product construction of this section is new for both metric and ultrametric cases.

Definition 3.1. Given two scaled (ultra)metric spaces X = (X, dx,e,I'x) and Y = (Y,dy,e,I'y) we define
their union X UY = (Z, d, e,T) to be the (ultra)metric amalgam of X and Y over {e} (see Figure[11]). More
precisely, if Z is the (ultra)metric amalgam of the (ultra)metric spaces X and Y over the subspace {e}, then
as an (ultra)metric space X UY is obtained from Z by adding formal inverses. Note that Z is also the
amalgam of X and Y over {e}; in other words X UY = X UY. The scale I" on Z is the union of scales Iy
and I'y:
F(zr) {rx(z,r) if2 e X,
Iy(z,r) ifzeY.
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FIGURE 11. Union of scaled spaces.

Let X and Y be scaled (ultra)metric spaces and let mx : X UY — X be the retract map:

) z ifze X,
Tx(z) = _
X e ifzeY.

This map is Lipschitz and it extends to a surjective group homomorphism 7x : F(XUY) — F(X).
Proposition 3.2. The homomorphism rx : F(X UY) — F(X) is Lipschitz.

Proof. Let f € F(X UY), Ny be the Graev (ultra)norm on F'(X), and N be the Graev (ultra)norm on
F(XUY). Pickw e W(XUY), % = f, and a match # on w. We need to show that Ny (7x(f)) < N(f), and
for this it is enough to find a word v € W(X) and a match x on u such that @& = mx (f) and N*(u) < N (w)
(note that N% (u) = N¥(u) because X is a subspace of X UY, and therefore we omit the subscript). If
w=2z -2z, With z; € X UY, setu =2z --- 2, with 2, = 7x(z;). We can view 0 as being also a match on w.
Since mx : X UY — X is Lipschitz, we have d(z;, z; ) > dx (%, ;') for all 4, j. By item (i) of the definition
of the scale, I'(z,r) > I'(wx(z),r) forallr € R" and all z € X UY. It now follows from item of the
scale and from the definition of the norm that N%(u) < N?(w). O

The homomorphism 7y is therefore continuous and extends to a continuous homomorphism
x : F(XUY) — F(X).
Note that mx (f) = f for any f € F(X) and that 7x(f) = e holds true for all f € F(Y).
Corollary 3.3. Let X and Y be scaled (ultra)metric spaces. The inclusion F(X) — F(X UY) is isometric.

Proof. Let N denote the Graev (ultra)norm on F(X UY), and N be the Graev (ultra)norm on F'(X). We
need to show that for all f € F(X) one has N(f) = N (f). By definition

Nx(f) = inf{NQ(w) cw € W(X), w = f and 6 is a match on w},
= inf{Ne(w) cwe W(XUY), = fand 0 is a match on w},

N(
and therefore N(f) < N (f). The reverse inequality follows immediately from 7x (f) = f for f € F(X) and
Proposition O
Corollary 3.4. Inclusion F(X) — F(X UY) extends to F(X) — F(XUY).

It is natural to regard F(X UY) as being the free product of groups F'(X) and F(Y).

Let (G,d¢) and (H,dy) be Polish groups with compatible left invariant (ultra)metrics, let X and Y be
separable scaled (ultra)metric spaces, and let ¢ : X — G and ¢ : Y — H be surjective Lipschitz morphisms.
By Proposition [1.6] they extend to surjective homomorphisms

¢c:F(X) =G, ¢y:F(Y)—H

with kernels K¢ and Ky respectively. We note that as proved in [DGO7b, Theorem 3.10], for any Polish group
G there are plenty of surjective Lipschitz morphisms ¢ : X — G, and moreover, one may always take X = NN,
Note also that G is isomorphic to F'(X) /K¢ with the quotient topology (see, for instance, [BK96, Theorem



16 KONSTANTIN SLUTSKY

1.2.61). We shall identify G with F(X)/K¢ and H with F(Y)/Kg. By Corollary 3.4 we may view K¢ and
Ky as subgroups of F(X UY). Let K&, ;; be the normal subgroup of F(X UY) generated by K¢ and Ky:

Gort = LA a7 [ nEN, fi € FXUY), by € (Ko, Kn) },

and let K.z be the closure of K2, ;;, i.e., Kg.p is the closed normal subgroup in F(X UY) generated by
Ka and Kg.
Lemma 3.5. In the setting above nx (Kg.n) = Kg.
Proof. 1If g € K¢, y is of the form
g = flhlfl_l o 'fnhnflea fz S F(X UY)) hz € <KG7KH>7

then

mx(9) = mx (fr)mx (h)wx (f1) ™ mwx (f)mx (ho)mx (f2) ™' € Ka,
because 7x(h;) € Kg, mx(fi) € F(X) and K¢ is a normal subgroup in F(X). Thus 7x(K%,5) = Kea
and therefore also 7x(Kg.r) = Kg, since K¢ is closed in F(X), and hence W;(l(Kg> is also closed in

F(XUY). O
A Polish free product of G and H over ¢ and ¢y is the group F(X UY)/Kg.x; we denote it by Goo*on -

The free product comes with homomorphisms i : G — Gy x4, H, 1y : H = Gy x, Handng : Gy x4 H —
G, mh : G 4 %y, H — H given by

te(fKe) = fKeer, tu(fKu) = fKgun,
76(fKaxn) = 1x(f)Ka, 7mu(fKawn) =7y (f)Knu.

Note that 7 and 7wy are well-defined by Lemma Note also that 7g (LG(g)) =gand my (L H(h)) = h for
allg e Gand h € H.

Proposition 3.6. Let X, Y, ¢g, ¢g and G se*onH be as above. Let dg and dy be compatible left invariant
(ultra)metrics on G and H with respect to which ¢g and ¢y are Lipschitz morphisms.
(i) v¢ and vy are injective;
(ii) ¢ and vy are continuous;
(iii) wg and 7wy are continuous;
(iv) 1c(G) Ny (H) =A{e};
(V) (tc(G),cu(H)) is a dense subgroup of G, *,, H.
Recall that S denotes the canonical scale on G.

(vi) If (T,dr) is a Polish (ultra)metric group, ¥ : G — T, ¥y : H — T are Lipschitz homomorphisms and
Sr(Wa(9),r) < Sc(g,7), Sr(Wu(h),r) < Su(h,r) forall g € G, h € H and r € R™, then there exists a
unique continuous homomorphism ¢ : G, _*, H — T such that o .c = g and Y o Ly = Yp.

Proof. (i) To show that v is injective it is enough to check that Kg.g N F(X) = Kg. If f € Kg.y N F(X),
then f = mx(f) € mx(Kg«n) = Kg by Lemma 3.5} hence f € Kg.

Let d be a compatible right-invariant (ultra)metric on F(X UY). It induces compatible right-invariant
(ultra)metrics on the factor groups F(X UY)/Kg.z and F(X)/K¢ (see [[Gao09, Lemma 2.2.8])

di(fiKeum, foKaen) = inf {d(fik1, f2k2) : ki, k2 € KGan },
da( /1K, f2Ke) = inf {d(fiky, f2k2) : k1, ko € Ka

With respect to the (ultra)metrics d; and do, the homomorphism ¢ is Lipschitz, hence continuous.

It is enough to prove that ms is continuous at the identity, i.e., that f,Kg.g — Kg«g implies
7x (fn)Ke — Kg. The sequence f,Kqg.p converges to K.y if and only if there is a sequence h,, € Kg.n
such that f,h, — e. This implies 7x(fn)7x(h,) — e with 7x(h,) € Ks by Lemma and therefore
7TG(nt{G*H) =TX (fn)KG — KG' _ _

If fKG*H S Lg(G) n LH(H), then fKG*H = flKG*H = f2KG*H for some fl S F(X) and fg S F(Y)
Therefore 7x (fKgsn) = mx(f1Keen) = 7x(f2Kawen), but 7x (f1iKg«n) = f1iKe and 7x (f2Ke.n) = Ka,
whereby f; € K¢ and thus fKg.ng = Kgen-
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(W) This item is obvious, since the group generated by the images of (¢ and g is nothing else but
(F(X).F(Y)Keor. B
Maps Yo : X — T and pgo¢y : Y — T are Lipschitz morphisms and soisthemap( : X UY — T
given by
() = {1/)G opa(z) ifzeX,
Ygooy(z) ifzeY.

By Proposition the map ¢ extends to a continuous homomorphism ¢ : F(X UY) — T. Since ¢ extends
both ¢ o ¢¢ and ¥y o ¢, the kernel of ¢ contains K and Ky, and therefore also K. . Thus ¢ factors to
a continuous homomorphism ¢ : G ;_x, H — T. Uniqueness follows from item (¥). O

Note that items (i), and imply that 1 and 1y are embeddings. The homomorphisms ¢q, ¢ty can
be extended to a homomorphism from the free product of abstract groups ¢ : G« H — G , *,, H. Is the
homomorphism ¢ injective? We shall show in Corollary[3.9]that the answer is yes when ¢ and ¢ are “large
enough”.

Lemma 3.7. Let f € G x H be a non-trivial element in the abstract free product. There are a Polish group T' and
two embeddings Vg : G — T and vy : H — T such that for the common extension of these homomorphisms
¥ : G+ H — T one has ¢(f) # e. Moreover, if G and H admit compatible left invariant ultrametrics, then we
may find T that also admits a compatible left invariant ultrametric.

Proof Here we deal with metric and ultrametric cases separately. First assume that G and H are general
Polish groups.

Let f € G * H be given. By conjugating f if necessary we may assume without loss of generality that
f “starts with g¢”, i.e, it is of the form f = ¢,_1h,_1---goho for some n > 1 with non-trivial g; € G and
h; € H. By a theorem of Uspenskij [Usp86| (see also [Kec95, Theorem 9.18]) the group Homeo([(), 1]“)
of homeomorphisms of the Hilbert Cube with the compact-open topology is a universal Polish group in
the following sense: any Polish group can be embedded into Homeo([0,1]*). In particular, G and H can
be embedded into Homeo([0, 1]*); to simplify notations we assume that G and H are actual subgroups of
Homeo([0, 1]*). Note that «Ha ™! is a copy of H inside Homeo ([0, 1]*) for any v € Homeo([0, 1]*). To prove
the lemma it is therefore sufficient to construct a homeomorphism « € Homeo([0,1]“) such that for some
xo € [07 1]“

Gn_10hn, 107t goahga ™ (z0) # 0.

Pick any ro € [O, 1]w and any rjp € [0, 1]“ such that z; %+ xg and ho(.ﬁl) ¢ {.131,.230}; set xo = ho(ﬂl‘l). Pick
any x3 € [0, 1]¢ such that x3 & {xo, 1,22} and go(z3) & {z0, 1, %2, x3}; set x4 = go(x3). We continue in this
fashion and construct a sequence (zj)4™, such that

(1) z; # z; fori # j;

(i) hg(zapt1) = Tapso fork=0,...,n —1;
(ifi) gx(xagss) = xapra fork=0,...,n— 1.
Jo In—1
Zo o Lo —————— Ty Ton—q Typ—19 ———— « Tyn
a~! e} a™! oo a™! e}
hO hnfl
Tye —————— 22 *Ts Tyn—3 ¢ ——— + Tyn—2

FIGURE 12. Construction of the homeomorphism «.

For all m € N the space [0,1]* is m-homogeneous: for tuples (yi,...,ym) and (z1,...,2,) of distinct
elements there is a homeomorphism a € Homeo([0,1]*) such that a(y;) = z; (see, for example, [vM89,
Exercise 2, p. 261]). Whence there is some a € Homeo([0,1]*) such that a(zx41) = 24 and a(zap12) =
Z4rag forallk =0,...,n — 1. For such an o we have

Gn10hn_107 " goahoa ™ (20) = Tup,

and x4, # ¢ by construction.
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In the ultrametric setting a similar argument works with the following modifications. For the injectively
universal group we take S, (see [BK96, Theorem 1.5.1]) and note that without loss of generality we may
assume that G, H < S, and every non-trivial element in G and H has infinite support. This is so, because
we can embed diagonally S into [], .y S« and view the latter again as a subgroup of S, by partitioning
the natural numbers into infinitely many infinite pieces.

Now for f = gn—1hn—1---goho in G * H using that supports of ¢g; and h; are all infinite, we can easily find
a € S such that

Gn—10h,_1a7 " goahoa ™ #e.

Such an element « is again constructed as shown in Figure O

Theorem 3.8. There are a Polish group T and embeddings ¢ : G — T, vy : H — T such that the group
(Va(G),vu(H)) is naturally isomorphic to the group G x H. Moreover, if G and H admit compatible left
invariant ultrametrics, then T can be chosen to also admit a compatible left invariant ultrametric.

Proof. Lemma|3.7]implies that for any non-trivial f € G*H we may fix a Polish group T’y and a homomorphism
ty: Gx H — Ty such that ¢¢|¢ : G — Ty and ¢¢ | : H — Ty are embeddings and ¢ (f) # e.

Let f € G * H be given and assume that f has form g,,_1h,_1 - - - goho for some non-trivial g, € G, h; € H
and n > 1. By continuity of ¢¢|¢ and ¢ ¢|r, and since ¢4 (f) # e, there are neighborhoods Ul-(f ) C G of g; and
Vj(f) C H of hj such thate ¢ wG(Uﬁﬁl)sz(Vﬁ)l) e wG(Uéf))sz(VO(f)). Therefore we can select a countable
family (f,,);o_; of elements f,, € G « H such that for any f € G * H there is some m with ¢;, (f) # e.

Let T =[],, Ty,. be the direct product of the groups 7%, andlet : G x H be given by ¢ (f)(m) = vy, (f).
The homomorphisms ¢|¢ : G — T and ¢|y : H — T are embeddings. By the choice of the family (f,,) we
also have ¢ (f) # e for any non-trivial f € G * H and therefore ¢ is injective. |

Corollary 3.9. There are left invariant compatible (ultra)metrics dg and dy on G and H respectively and scales
I'g and 'y on (G, dg) and (H, dy ) with the following property: if X and Y are (ultra)metric scaled spaces and
¢c : X = G, ¢y : Y — H are surjective Lipschitz morphisms with respect to the scales I' and T'g, then the
canonical homomorphism v : G x H — G 4 _*, H is injective.

Proof. By Theorem we may assume that G and H are closed subgroups of a Polish group 7" and that
(G, H) is isomorphic to G « H. Let d be a compatible left invariant (ultra)metric on T" and let d and dy be
the restrictions of d onto G and H respectively. Finally, let I'; and Iy be the restrictions of Sy onto G and H.
By item of Propositionthe maps ¢¢ and ¢y extend to a homomorphism ¢ : G, _*, H — T. Since
(G,H) = G x H, the homomorphism ¢ : G * H — G, _x, . H must be injective. O
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