AUTOMATIC CONTINUITY FOR HOMOMORPHISMS INTO FREE PRODUCTS

KONSTANTIN SLUTSKY

ABSTRACT. A homomorphism from a completely metrizable topological group into a free product of groups whose
image is not contained in a factor of the free product is shown to be continuous with respect to the discrete topology
on the range. In particular, any completely metrizable group topology on a free product is discrete.

1. INTRODUCTION AND BACKGROUND

The main concept of automatic continuity is to establish conditions on topological groups G and H under
which a homomorphism ¢ : G — H is necessarily continuous. In many cases one of the groups is assumed
to be very special, while the conditions on the other group are relatively mild. An important example of this
phenomenon is a theorem of R. M. Dudley [Dud61] from 1961:

Theorem 1.1 (Dudley). Any homomorphism from a completely metrizable group or a Hausdorff locally compact
group into a free group with the discrete topology is continuous.

In fact Dudley’s result is more general: the target group does not necessarily have to be a free group, it is
enough to assume that it admits a special length function (which is called a norm in [Dud61]). In the case
of a free group this length function is given by the length of the reduced form of an element. An important
corollary of this theorem is that any Hausdorff locally compact or completely metrizable group topology on
a free group is necessarily discrete. In 1976 S. A. Morris and P. Nickolas [MN76] investigated continuity of
homomorphisms ¢ : G — T" between a Hausdorff locally compact G and free products ' = A = B.

Theorem 1.2 (Morris—Nickolas). Given a homomorphism ¢ : G — A + B from a Hausdorff locally compact
group into a free product with the discrete topology either ¢ is continuous or its image ¢(G) is contained (up to
a conjugation) in one of the factors. In particular, any Hausdorff locally compact group topology on a non-trivial
free product in discrete.

The next step was made six years later by R. Alperin in [Alp82], where he studied actions of Hausdorff
locally compact groups on trees in the sense of Bass—Serre theory. Automatic continuity implications of
Alperin’s work are summarized in the following theorem.

Theorem 1.3 (Alperin). Let G be a locally compact group and G be the connected component of the identity.

(i) If G can be written in a non-trivial way as an amalgam A x¢ B, then A, B and C' are necessarily open.
(ii) If G/Gy is compact and ¢ : G — A = B is a homomorphisms into a free product, then up to a conjugation
¢(G) is contained in one of the factors.

Methods used by Morris—Nickolas and Alperin rely on the structure theory for locally compact groups,
and therefore are not applicable for general completely metrizable groups. C. Rosendal [Ros11] developed
further the Bass—Serre theory approach and proved the following.

Theorem 1.4 (Rosendal). Let G be a completely metrizable group, and let D be the set of element that generate
a finite or non-discrete subgroup:

D = {g € G : {g) is finite or non-discrete} .

(i) If D is somewhere dense and if G is written in a non-trivial way as an amalgam A = B, then the three
subgroups A, B and C are open in G.

(ii) If D is dense in G and if ¢ : G — A = B is a homomorphism into a free product, then up to a conjugation
¢(G) is contained in one of the factors.
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The group T is The group G is The group G‘IS
locally compact completely metrizable

a free group Dudley 1961 Dudley 1961

a free product A « B Morris—Nickolas 1976 —

an amalgam A ¢ B Alperin 1982 Rosendal 2011

TABLE 1. Automatic continuity results for homomorphisms
¢o:G—-T.

The aforementioned articles can be put into a table:

Our goal in this paper is to fill the gap in the table and to prove the main result of Morris—Nickolas [MN76]
for completely metrizable groups.

We would like to mention that none of the results in the table fully imply any other result in it. For
example, let us take a locally compact group G and a homomorphism ¢ : G — F into a free group F. If we
view the free group F as a free product of copies of Z and apply the Morris—Nickolas Theorem (which is, in
fact, true for any number of factors in the free product), then we may conclude that either ¢ is continuous
or ¢(@G) is contained in a cyclic subgroup of F. But to get Dudley’s Theorem we still need to know that all
homomorphisms ¢ : G — Z are continuous.

We now state our main results. Let T = %,c4I', and let ¢ : G — T be a homomorphism from a completely
metrizable group into a free product of non-trivial groups. We say that the image of ¢ is contained in a factor
of I if there are a € A and « € T such that ¢(G) < 4T,y 1. We shall prove (see Theorem 5.6 below)

Theorem 1.5. Any homomorphism ¢ : G — skqeal’y, from a completely metrizable group into a free product
with the discrete topology is continuous unless its image is contained in one of the factors.

By taking ¢ to be the identity map we obtain the following corollary (which, in fact, will be proved before
Theorem 1.5 and will serve as a step in its proof).

Theorem 1.6. Any completely metrizable group topology on a non-trivial free product % ,c I, is discrete.

Our proof of Theorems 1.5 and 1.6 will take the original construction of Dudley as an important ingredient,
so we find it useful to recall briefly the argument from [Dud61] for completely metrizable groups.

Sketch of proof of Dudley’s theorem. Let ¢ : G — F be a homomorphism from a completely metrizable group
G into a free group F and let || - || : F — N be the length function given by the length of the reduced form
of an element. The crucial property of this length function is the inequality |[y"|| > max {n,||~||} for all
non-trivial y € F alln > 1.

If the homomorphism ¢ is discontinuous, then its kernel cannot be open, and we can find a sequence
(gm)>_; of elements in G such that ¢(g,,) # e and for

hn,m = gm(ngrl( o (gnfl(gn)T7L71)T7L72 Tt )Terl)Tm,

where 7, = n + Y, ||¢(a:)||, the sequence 7Ln7m converges for all m. For the limit A, = lim,, E,ﬂm we
have hy, = gmh,, 1. We claim that ||¢(hy,)"™ || = rp,—1. Indeed, if ¢(hp,41) # e, then

o (hm) | = [l@(hm)l] = [|d(Rami1)™

- H(b(gm)H = Typ—1 + 1.

Key words and phrases. Automatic continuity, free product.
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If on the other hand ¢(h,,11) = e, then ¢(h,y,) ™1 = ¢(gpm)"* and ||¢(gm) ™ || = rm_1, since ¢(gm) # e
by the choice of g,,,. And so

p(ho)ll = [l¢(g1)d(h2) || = [[¢(h2)" || = ll@(g)l] = [lo(h2)l] = [ld(g1)l]
lo(g2)0(Rhs)"* (| = [lo(g)ll = llo(ha)" || = [I¢(gn)ll = [l¢(g2)l| = [lo(ha)l| = [le(g)ll = llp(g2)ll

m—1 m m
= 116(gm) ¢ (han1)™ || = D7 No(g)l| = [|@(hms1)™ [ = D Nd(g)l| = rm = Y. Nlo(g0)]| = m
=1 =1 =1

is true for all m, which is impossible. O

In the above argument we used the freeness of the target group only in the amount that it implies the
existence of a length function with the special property. In general, a length function on a group I' is a function
[| ]| : T — N that for all y, 1,2 € T satisfies:

(1) |le]| = 0 (where e is the identity element);

(i) [11 = 111l

G [lyvell < [l + [ell-
Suppose now that we have a homomorphism ¢ : G — I and a sequence (g, );n_; of elements in G such that
the limit

Tn—1 )7‘7172 . )’f"m+1)7“m

hyp = lim Im(gm+1(- -+ (gn-1(gn)
n—0o0

exists for every m, where r, is an increasing sequence of natural numbers (possibly different from the
sequence used in the argument above). To obtain the inequalities ||h;|| = M for all M with respect to a given
length function || - || on " we need the following:

@ [|¢(hm)™™ || = rp—1 for all m > 2;

D) [[¢(han)" =[] = [[¢(hn )| for all m > 2;
(iii) numbers r,, — ;" ||¢(g:)|| are unbounded from above.

In our setting the group I = ,c4I', will be a free product of non-trivial groups and the length function
|| 1] : *kaeal’'s — N will be given by the length of the reduced form of an element. For such a length function
the inequality |[7"|| > max {n, ||7||} is false for some non-trivial v € T', so we shall need to take special care
to fulfil the above list of conditions.

In Section 2 we study the length function on ,c4I', and the set of elements on which the inequality
|[v"]| = max {n, ||7||} fails. In Section 3 we show that any completely metrizable group topology on a free
product is discrete. Section 4 does some further analysis of the behaviour of the length function and Section
5 contains the proof of the main result.

The author wants to thank Christian Rosendal for helpful discussions of the automatic continuity and
for noticing an error in an earlier draft. The author also thanks Steven Deprez for his TgX advice and the
anonymous referee for a careful reading of the paper.

2. WORD LENGTH FUNCTIONS ON FREE PRODUCTS

Throughout this section let I" = sk, 4", be a free product of non-trivial groups I', with A being an index
set of size |A| > 2. The identity element of any group is denoted by e; we hope that there will be no confusion
to which of the groups we refer. Let Xt = | J,., I's viewed as a subset of I'. The set X depends not only on
the group T, but also on the representation of I" as a free product *,-4I',, but we abuse notations and write
just Xr; the choice of ', will be clear from the context. We say that two element x, y € X1 are multipliable if
there is an a € A such that z, y € T',; in this case there is a unique z € X such that zy = 2. Any elementy e T’
can be written uniquely as a reduced product v = x125 - - - ©,, z; € X1, where reduced means z; and z;,
are not multipliable. The word length function on I is then defined by ||y|| = n. We also make an agreement
that e € T is represented by the empty word and ||e|| = 0. The product v = v172 - - - 7, for ; € I is said to be
reduced if ||y|| = 31", ||l|- An element v € I is called cyclically reduced if in its reduced form v = 2y - - - @,
eithern < 1 orx; # x, L.

Lemma 2.1. Any v € I can be uniquely written as a reduced product of the form v = ay.a™?, a, . € I, where
ve 18 cyclically reduced.
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Proof. Let v € T be a non-trivial element with the reduced form y; ...yn, y; € Xr. Let k < N/2 be
maximal such that y; = y&£k+1 and set & = y1 - Yk, Ve = Yk41 - - YN—k. Then v = avy.a~ ! is reduced and
Yk+1YN—k # e by the choice of k unless N — k = k + 1, in which case k = (N —1)/2 and ||v.|| = 1. O
We introduce the following sets to control the behaviour of the length function on I':
Sr={yeTl:|4"|| =nforalln > 1},
Fr={yeT:|y"|| = ||| foralln > 1},
Fr ={yeTl:~4" =eforsomen > 1}.
Complements of Fr and Sr in I' will be denoted by F and S§ respectively.
Lemma 2.2. For any group I' = %44l
() S¢ ={aza™':ael, ze Xr}, and in particular v € S if and only if v € SE for all n.
(ii) For any n > 2 and any v € T the inequality ||y"|| < ||v|| holds if and only if v = aza™?, x € X, with

" = e and x # e. In other words ||y"|| = ||v|| unless " = e.
(iii) F&¢={ara"':ael, re Xy, 2" =eforsomen > 1,z # e} = Fr\{e}.

Proof. (i) If v = axa~! for some x € X, then |[y"|| = ||az"a || < ||axa™?|| = ||y|| and therefore v ¢ Sr.
If v = ay.a~ ! is reduced and ||v.|| = 2, then

"1l = llavza™ ] = 2llall + nlly|| = (n — 1) > n,
and vy € Sr.
(ii) If v = ara~! with z € X1,  # e and 2™ = ¢, then 4" = e and in particular |[y"|| < ||7||. If 2™ # e,
then ||y"|| = ||v||. Finally, if v = ay.a~! and ||7.|| > 2, then for any n > 2 we have

V"1 = 2llell + nllvel| = (n = 1) = 2llal[ + n((lell = 1) + 1 = 2[la + 2l|yel| = 1 = []7]].

(iii) The equality Fi = {aza! : a € I, # € Xp, 2" = e for some n > 1} is classical, so F¢ = Fp\{e}

follows from item (ii). O

We now come to a rather technical lemma that describes elements that can be written as a product of
two elements from Sf. Corollaries of this lemma will serve as supplements to our modifications of Dudley’s
argument.

Lemma 2.3. Let v € Sf - St be a non-trivial element. There are p,v,n € I' such that the reduced form of v is
one of the following:

(i) mzn~1, forsome z e Xr\{e};
(i) nuzop tvziv—in=l, for some zg, z; € Xr\{e};
(iii) ndvzv=16an~t, for some 61,82,z € Xr\{e}, 61 and 5, are multipliable and 6, - 62 # ¢;
(iv) ndipzop '6avzivto3n~Y,  for §;,z; € Xr\{e}, 01,02, 63 are multipliable and J; = 6, ' - 65"

Remember that we treat identity as an empty word, so any of the yu, v, n are allowed to be absent.

Proof. Fix y € St - SE, v # e, v = azpa™! - f2187L, where 29,21 € Xr and both azpa™! and 52,87 are
reduced. If either zy = e or z; = e, then the reduced form of v is described by item (i) and we shall assume
that zp and z; are non-trivial. Let o = 21 -+ &y, 8 = y1 - Yn, %3, y; € Xr be the reduced forms. By taking
~~! instead of v we may and shall assume that m < n. We are going to show that no matter how many
reductions take place in the product azga™! - 82,371, the element’s y reduced representation has form given
by one of the items above. To make it easier to recognise that a given product can indeed be written in a
certain form we shall underline elements 7, y, v and their inverses; elements z; and ¢, are then the letters in
between.

If vy = azga™ ' Bz 87 ! is reduced, then, of course, + has the form given by item (ii). So we assume that
this product is not reduced. If m = 0 and n = 0, then v is a single letter, which fits in (i). If m = 0, butn > 1,
then, depending on whether z; - 41 = e, the reduced form of v is one of the two:

fy=‘y2...yn‘zl‘y;1...y;1‘zo7

—1

" "
YEuye Y21 Yn Y3 YL W= 200y,

v IJ_l
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which satisfy items (ii) and (iii) respectively.
So we assume m > 1, n > 1, and z;, y; are multipliable. If xfl -y1 # e, then the product

-1 —1 —1 -1, -1 —1
f‘y:xl‘x2...xm‘zo‘xm...x2 ‘u‘y2...yn‘zl‘yn y2 ‘yl s u:xl .y17

—1

B B v vt

is reduced and + satisfies (iv). If z; = y1, let k < m be maximal such that x; = y; for i < k. If kK < m, then,
depending on whether x4, and y41 are multipliable or not, one of the two products

-1 -1 -1 -1 -1 -1
V=YL YR Tk T 20 Ly T Ykl Yn 2 Yy Y Y YT

-1 —1

n n pt v v n

—1 —1 —1 —1 —1 —1 —1 —1
Y=Y Yk Tl Tha2  Tm 20 Ty T o UYkt2 Yn 21 Yn Yo ka1 Yk YL > U= TR Ykad,

7 w pt v v=1l n=1
is reduced and they are of the form (ii) and (iv) respectively.
We therefore consider the case k = m. If m = n, then depending on whether zy and z; are multipliable
the reduced form of ~ is one of the following two

v :‘yl"‘ym‘zozl‘yyzl"'yl_l‘a
n =t
’Y=y1"'ym‘uy;11“'y1_1, u=2zy-21 #e€,

n n=1
and they satisfy (ii) and (i) respectively (here we use v # e to exclude zy - z; = €).
We may now assume that m < n and v can be written (in a not necessarily reduced way) as

— -1 - —1
V=Y Ym 20 Ymal Yn 2 Yn Yt Y YL

n v v—1 n—1
where - represents the only position where reductions can take place. If zy is not multipliable with ., 1,
then the above representation is reduced and satisfies (ii). If it is not reduced, but z; -y 11 # e, then the
reduced form of 7 is

_ -1 -1 -1 -1 -1 B
Y=Y Ym UYm+2 " YnZ1Yn  YmioYm+1Ym Y1 5 U= 20 Ym+1,

—1

n v v -1

n
in accordance with (iii). If zo = ;' ;, then setting s = n + 1, 81 = so — (n —m) = m + 1 we have

-1 -1 -1 -1
Y=Y Ysi—1 Ysi+1 0 Yso—121Ys0—1 """ Ysy 41720Ys; -1 Y1

If the block ys, 41 - - - Ys,—121 cancels the block ys, - - - ys, -1, where s; = s; — (n — m) = sg — 2(n — m), then

Y=Y Ysa—1 " Ysotrl " 'y317120y5_1171 e ys_zlﬂzlys_glq eyt
If again the block ys,+1 - - - ys, —120 cancels the block ys, - - - ys,—1 We can proceed in the same way and build
a sequence sy = sp—1 — (n —m) = s9 — k(n —m) such that

-1 -1 -1 -1
V=YL Ysp—1  Ysptl T Ysp1—1%exYsy -1 Ysp+171—exYs—1 " Y1 s €k =k mod 2.

Note that we use m < n to ensure that s, < sx_1, in which case there is the largest k for which this process
works (it is possible that £ = 1). For the largest possible k the block ys, 41 ys,—12., does not cancel
completely and so there are 0 < p < s, — 1 and s + 1 < ¢ < s;_1 such that
—1 — —1 —1
V=YL Y Yo Yseei—12e Yy 1 Yg Yptt Yo 12— Y1 YT
and this product is “almost reduced”: it is either reduced or there is exactly one reduction. If ¢ < s;_; and
Yp, Yp are not multipliable (including the case p = 0), then the reduced form of ~ is
-1 -1 —1 -1, -1 —1
’V:yl"'ypyq"'ysk_lfl Zék ysk7171"'yq yp+1"'ysk71 Zl*ék ysk71"'yp+1 yp yl )

n B pt v vt -1

and it has the form of (ii). If ¢ < sx_1, p > 0 and y,, y, are multipliable and y,, - y, # e, then the reduced
form of v is

n

-1 -1 -1 -1 -1 ,-1,-1 -1
Y=Y Yp—1UYg+1  Yspo1—1 %6, Ysy_ -1 " Ygr1Yq Yp+1 Ysp—121—ex Ysp 1" " Yp+1Yp Yp—1"""Y1 >

n I3 pt v vt =t
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where u = y, -y, and v satisfies item (iv), because v ' (y,')~! = y; '. If ¢ = s;_1, then the “almost reduced”
form of ~ is
V=YL Yp Fey Ypal Ysiel Pleey Yar1 Y Uy YL
‘ n ‘ ‘ v ‘ ‘ vt ’ n—1 ‘
We see that v satisfies (ii) if the above product is reduced (including the case p = 0), and finally if p > 1, y,,
and z., are multipliable and y,, - z., # e, then the reduced form of v is

-1 -1 ,-1,-1 -1
Y=Y Yp1 UYpi1 Ys—1 Fl—ex Yspe1 ' Ypr1 Yp Ypo1 Y1 U= Yp - Zey,

n v vt n=!

which also has the form described by the item (iii), because y,z., y, ' = e if and only if z,, = e.
This exhausts all the possibilities and therefore the lemma is proved. O

Remark 2.4. It is easy to see that any element in I with the reduced form satisfying one of these items is, in
fact, an element in S} - S and so the description above is complete, but we shall not use this.

Corollary 2.5. If v € S§ - S§ has the reduced form v = x1 - - - x, With n > 2 and x1, x,, are not multipliable,
then the reduced form of y can be written as pzop ‘vziv—! for some u,v € T and some 2, 21 € Xr\{e}.

Lemma 2.6. For I' = %k ,e4l', the inclusion Sf - S§ < I is proper, unless I' = Zg * Zs.
Proof. The proof splits into three cases.

Case 1. Suppose there is an a € A and a non-trivial z € T', such that order of z is not two, i.e., z # z 7.
Pick b € A\{a} and a non-trivial y € T', and let v = (zy)? = ryxzyzry. We claim that v ¢ S¢ - S¢. Indeed, if v
were in this set, then by Corollary 2.5 it would have a reduced form pzou~'vziv~! and using x # 2~ ! it is
straightforward to see that this is not the case.

The remaining cases deal with all ", consisting of elements of order 2.

Case 2. Suppose there is ', such that |T',| > 4, and pick b € A\{a}. Let 1, 25, x3 € T, be distinct non-trivial
elements and pick a non-trivial y € I';,. Using Corollary 2.5 and since z; # x;l for ¢ # j, one sees that
Y = T1yr2yT3Yy ¢ SF - St

Case 3. We are left with the case when each of T, is isomorphic to Z,. Since I' = Zy * Z5 is excluded in
the statement of the theorem, we may assume that there are at least three factors. Let z,y, z be elements
of order 2 from three different factors and set v = zyz. Note that the reduced of v cannot be written in the
form pzop tvzv~! and therefore Corollary 2.5 finishes the proof. O

Remark 2.7. Itis easy to check that for the infinite dihedral group Z; +Z, the equality S5 ., -S7 ., = Zo*Zy
indeed holds: S7 ., consists of all elements of odd length plus the identity, so its square is the whole group.

3. COMPLETELY METRIZABLE FREE PRODUCTS ARE DISCRETE
In this section the group I" = 'y = I'y is assumed to have exactly two factors unless stated otherwise.

Definition 3.1. For a pair (i, ) € {1, 2} x {1, 2} we say that y € I'"\{e} is of type (3, j) if for the reduced form of
¥ =1 -2, onehasz; € I'; and x,, € I';. The type (i, j) is called symmetric if i = j and asymmetric otherwise.
Since I' = I'y = I's has only two factors, whether an element v € T" has a symmetric or an asymmetric type
depends only upon the parity of its length. Type (4, j) is said to be the opposite of type (j, ).

Lemma 3.2. Let I' # Zs * Z be a topological group and let ~,, be a sequence such that ~,, # e, v, — ¢ and all
the elements -y,, have the same type. There is a subsequence y,, satisfying the following property: for any type
(i, ) there is a sequence X, € T, such that \,, — e, each \,, has type (i, ), and ||vn, || < || Ani || < 4]|7n, || for
all k.

Proof. Depending on the type of 7,, we have two cases.

Case 1: v, have symmetric type (i,¢). If x € I'; is non-trivial for j # ¢, then elements A, = 2y,x " have
type (j, j), converge to identity and ||\,|| = ||.|| + 2 < 3||7x||. The sequence \,,~,, has type (j,7), and v, A,
is of type (i, j), and elements in both sequences have length at most 4|, ||. Note that in this case we do not
have to pass to a subsequence of ~,,.
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Case 2: ~y, have asymmetric type (i,j), ¢ # j. One of I'1, 'y is not isomorphic to Z,, so let T'; # Z,. Note
that 1y, is of type (i, j) implies v, ! is of the opposite type (j,i). So there is no loss in generality in assuming
~n, is of type (1, 2).

Subcase 1: there is « € T'; such that for infinitely many n the first letter of 7, is x. Let (n;) be such that all
elements v, start with z and pick a y € I'; such that = - y # e, then \,,, = yv,,y ' converges to identity, all
the elements \,,, have type (1,1) and ||vn, || < ||, || < 2||7||. Similarly to the first case one can conjugate
An, by a non-trivial element from I's to get a sequence of type (2, 2).

Subcase 2: for any x € 'y there are only finitely many -, which start with x. Let z € T'; be any non-trivial
element, then zv,z~! converges to identity, ||v,|| < ||zvnz || < 2||7x|| and for all but possibly finitely many
n elements zv,z~! have type (1,1). Passing to a subsequence to avoid this finite set of n’s we obtain \,,,
of type (1, 1), which again can be conjugated by any non-trivial element from I'; into a sequence of type
(2,2). 0

Lemma 3.3. If ' = I'y = 'y is a non-discrete metrizable topological group, then the word length function is
unbounded on any non-empty open set.

Proof. If T ## Z4 = Z, then by Lemma 3.2 for any open set U and any v € U we can find A # e such that the
product \y is reduced and Ay € U, so ||\y|| = ||A|| + ||v]|, and thus || - || is unbounded on U.

For I" = Z, * Zs the statement is obvious, since for such a I" the set of elements of length at most n is finite
for any n and I" being non-discrete implies finite sets cannot be open. O

Recall that a subset of a metric space is called separated if there is a non-zero lower bound on the distance
between its distinct points.

Lemma 3.4. If " =T'y = I'y is completely metrizable and non-discrete, then the interior of S§ - S¢ is empty.

Proof. First of all " being completely metrizable and non-discrete must be uncountable, so there is no need
to worry about I" being isomorphic to the infinite dihedral group. Fix a left-invariant metric d on I" and set
L,={yeT:|ly|| <n}, T =, Ln. Since a separated set is necessarily closed and nowhere dense (by
non-discreteness of the group), Baire’s theorem ensures the existence of N such that Ly is not separated:
there are sequences v/,,v/" € Ly such that v/, # ~/ for all n and d(v,,,~.)) — 0. By left-invariance of d we see
that ,, = (v2) "1~/ converges to e, and ~,, € Loy. By passing to a subsequence and using Lemma 3.2 we may
assume that M is such that for any type (4, j) there is a sequence ¥,, € Ly, 7, — e that consists of elements
of type (i. j).

Pick a non-empty open U; we shall find an element in U but not in S§ - S§. By Lemma 3.3 find A € U with
the reduced form A\ = z; -+ -z, | > 8M + 2. We now construct inductively elements v, for k = 1,...,[ such
that for

Ak = T171%2Y2 Tk VkTk+1Tk+2 "+ * T
and for all ¥ we have
(i) the product in the definition of )\ is reduced;

(i) A\, e U;

(i) [yl < M;

(iv) if Wy denotes the set of letters in the reduced form of A\, then there is a letter y;, in the reduced form

of ;. such that y, ¢ W, ';

(v) the last element \; has an asymmetric type (1,2) or (2, 1).
The first step of the construction is not any different from the later steps, so we show how to find ~,. Suppose
that =1, ...,vx_1 have been constructed. By the choice of L), we can find a sequence 7, — e, such that
[|[¥n|| < M and zp¥, k41 is reduced for all n (and we take z;, to be x; in the last step to satisfy item (v)).
Throwing away finitely elements from the sequence we may assume that x1v1 - - - ¥ 1V6k— 1Tk YnTht1 - T € U
for all n. Since W, !, is finite and since there are only finitely many words in the alphabet W, ', of length at
most M, there must be 7,,, that has a letter not in Wkill in its reduced form; we set v = .-

We finally claim that \; ¢ S - Sf. Indeed, suppose \; were in this set. Since ), is of asymmetric type,
Corollary 2.5 implies the reduced form of \; can be written as puzop~'vz;v~!. Assume for definiteness that
lul| = [|v|], then [|p|| > 84£2=2 > 2\ and therefore ||y;|| < M implies there is 1 < k < [ such that
i € p~t, but then every letter in +y, is also in ijll, contradicting the construction.

Since \; € U, we have proved that U & S§ - S§, and since U was arbitrary, the conclusion follows. O
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Theorem 3.5. Any completely metrizable group topology on T is discrete.

Proof Suppose the statement is false and I is equipped with a non-discrete completely metrizable group
topology. Let F,, = {f € I' : f* = e}, and therefore F1 = |J,, F;,, where each of F;, is closed. Recall that
Fr c Slg

Fix a complete metric d on I'. As in the original construction of Dudley we build a sequence g,, € T such
that for r, = n + >;_, ||gx|| and

hn,m = .%n(Qm-&-l(' e (gn—l(gn)rn_l)rn_2 te )Tm+1)7“m’ 1<m<n,

we have

(1) gn & SF - St;
(ii) forallm = 2

d(thrl,ma?Ln,m) < 27”d(9?ﬂ; FT‘m—l)?
and d(%n-ﬁ-l,la}:n,l) <27,

Such a sequence is constructed by induction on n. For the base of induction choose any g; ¢ St - Sg. For the
induction step note that for each 1 < m < n the map

Em () = gm(gm+1(- (gn—1(gn - ™)™ =) "2 oo )Tm )
is continuous and &,,(e) = ﬁn,m. Therefore there exists an open neighbourhood of the identity U such that
forallgeUandall2<m <n
d(m(g ) nom) < 27"d(gm, Fr,, )

and d(&; (g ) n1) < 27". By Lemma 3.4 the interior of S& - St is empty and we choose g, +1 € U to be any
element not in Sf - Sf. ThlS finishes the step of induction.

For each m the resultmg sequence h, n,m is Cauchy, so we may define h,, = lim,_, hn .m- Also by the
deﬁmtlon of hn m we have hn m = gmh“"m 41 and therefore also h,, = gnh,," ;. Finally d( n+1,ms hnym) <
27"d(gm, Fr, _,) implies

0
Py Gm) Z 2_nd gma Tom— 1) < d(gm7FTm71)’

and therefore h,,, ¢ F,
m = 2.

whence by item (ii) of Lemma 2.2 we see that ||hn"|| = ||h.n|| holds for all

m—12

We claim that ||hy, " || = r,,_1 for all m > 2. Indeed, if h,, € Sr, then ||hy"""|| = r,,_1 holds by the
definition of Sr. If h,, € SE, but h,,41 € Sr, then

Wit 1= bl = gmbiall 2 Wl = gmll = rm = llgmll = rm—1 + 1> 1.

Finally if h,,, € S} and h,,, 41 € SF, then by item (i) of Lemma 2.2 h, "1 € St and therefore g, = h,,h,,) 7} €
St - Sf contradicting the choice of g,y,.

We now ready to arrive at a contradiction by showing that ||| is unbounded:
hall = llgahs || = [Iha! || = llgall = ]| = g1l
g2ha? || = llgall = [[h3? (| = llgall = llg2ll = [[Rsl| = llga]] — [lg2]l

m

m—1
= llgmbyill = X5 Nl = 1Ayl - Zl\gz\l m = 2 ol =m
=1

=1
And this is true for all m, which is absurd. O

Corollary 3.6. Let I = ,cal',, where A is any set of cardinality at least two. Any completely metrizable group
topology on T is discrete.

Proof. This is immediate from the above, since sk 4T’y = T * (*ae A\{b}l“a). a
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Corollary 3.7. Let ¢ : G — I be a surjective homomorphism from a completely metrizable topological group G
onto a discrete free product ' = s ,c 4T, for some index set |A| = 2. If the kernel K of ¢ is closed in G, then ¢ is
continuous.

Proof. Suppose that the kernel K is a closed normal subgroup of G and let 7 : G — G/K be the canonical
projection. The surjective homomorphism ¢ induces the isomorphism ¢ : G/K — T'. Since the group G/K
being a quotient of a completely metrizable group by a closed normal subgroup is itself completely metrizable
in the quotient topology (see [BK96, Theorem 5.2.2] and [Kec95, Section 8D]), Corollary 3.6 implies G/K is
discrete. Therefore ¢ : G/K — I is continuous, and hence so is ¢ = ¢ o 7. a

4. MORE CALCULATIONS IN THE FREE PRODUCTS

To motivate some of the calculations in this section let us discuss the strategy of proving our main result
Theorem 1.5. Based on Corollary 3.7 and some additional arguments we shall find ourselves in the situation
of having a surjective homomorphism ¢ : G — I' from a completely metrizable group into a free product that
has a dense kernel. Density of the kernel gives a great power. Recall that in the argument of Dudley we could
choose the sequence g,, from any dense set. In particular, for such a ¢ the sequence ¢(g,,) can be literally
any sequence we want. For instance, we shall find it convenient to have ¢(g,,) = 7o € T for a concrete v, € T".
To obtain a contradiction we shall need to show that ¢(h,,) ¢ S§, where h,, is constructed as usually. Since
elements h,, are obtained via the limit procedure, we shall have little control of them. The only piece of
information that will be at our hands is the equality h,,, = g, h,", |, and therefore also ¢(hy,) = Yod(hpmi1)"™™.
If we choose v ¢ S& - SE, then either ¢(h,,) or ¢(hm,+1) has to be in Sp, but we need this to be the case for
both of them. The somewhat tedious calculations in this section show that under some mild assumptions on
o and 7, Yo A™™ € Sf implies A € S§ and this will be enough for our purposes.

In this section the group I' = T'; = I is also assumed to have exactly two factors unless stated otherwise.
The role of the groups I'; and I'; will not be symmetric. As we have noted earlier, elements of order two
cause some troubles, and we shall use two different arguments: when both I'; and I's consist “essentially” of
elements of order two, and when one of I'y, T's has “many” elements of order bigger than two. Results of this
section are needed for the latter and will be applied for I'; being a “good” group in this sense.

Definition 4.1. Let  be an element in I'; = I's with the reduced form v = zyz5 - - - z,,. If n > 2, then ~ has
letters from both I'; and I, so let iy, ...,1,, be the indices of letters from I';, i.e., depending on whether
x1 € 'y or 1 € Ty, iy’s are either all the odd or all the even letters. The word ~ is called unbalanced if
xi, # xiill forall k # ! and z;, # :ci_kl for all k. In other words, an element is unbalanced if all of its letters
from I'; have order bigger than two, and the word uses neither the same letter from I'; twice nor the letter
from I'; and its inverse.

Lemma 4.2. An unbalanced asymmetric element of length at least 6 does not belong to St - S§.

Proof. Let € I be such an element. By Corollary 2.5 if v € S¢ - Sg, then the reduced form of + is of the form
uzop tvzyv~t for some u,v € I' and some zg, z; € Xt\{e}. Since v is unbalanced, both ; and v may consist
only of letters from I's. In particular, zy and z; are the only possible letters from I'y, but ||y|| = 6 and so ~
has at least 3 letters from I'; in its reduced form. This contradiction proves the lemma. O

Lemma 4.3. Let £ € T'y * 'y be an unbalanced element of asymmetric type and of length ||£|| = 6. If r > 4 and
A € Iy = 'y is cyclically reduced of length ||\|| = 2, then £\ ¢ SE.

Proof. The proof is by contradiction: suppose the statement is false and we are given elements £, A € T'y x 'y
and r which comply with the assumptions of the theorem, but £\” € S&. Therefore EA” = 32371 for some
B el +I'yand z € I'; UT',. A tiresome case analysis with numerous subcases will show that this is impossible.
More precisely, we consider four cases depending on the relation between the types of £ and A and there will
be subcases dealing with different possible lengths of A\. Most of the products in this proof will be reduced
(except for the product £X", the reduced form of which we aim to understand), we shall mention explicitly
when a product under consideration is not reduced and a dot - will denote places where reductions may
occur.

In this proof we shall consistently use the following notations. Symbols = and y will denote letters in
the reduced form of &, while symbols with the tilde, e.g. Z and g, will denote letters in the reduced form
of A\. Symbols u and v will denote non-trivial products of two non-trivial multipliable letters. A typical
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contradiction will be obtained by showing that such a product is equal to one of its factors. For example, for
u = x - £ with z, ¥ # e we shall sometimes get v = &, which is clearly impossible.

Let £ = $z/3~! and so, roughly speaking, the first half of the letters in the reduced form of £\ are just
the inverses of the corresponding letters in the second half. We analyse the product £\ and show that it
cannot have the form 3z3~!. To emphasise at which parts of the reduced form of £A” we look in the concrete
argument, we under-bracket the relevant pieces. By assumption £ has type (¢, j) with ¢ # j.

Case: & is of type (i,j) and A has type (j,). In this case A is of asymmetric type, and the reduced form of
A" is just the concatenation of r copies of the reduced form of A. Note also that the length of ) is even.

Subcase: ||| = ||| + 2. If A = €71\ for some \; € T, then
EN = MET MET AT,

and the product is reduced (we shall not mention this in the future). Therefore for £\” to have the form 8z3~!
we must have A\;* = \; and ¢! = ¢, whence ¢ has a symmetric type contrary to the original assumption.

If A # £\, then there is a unique way to decompose ¢ as ;& and ) as &, 17\, for some &1, &, A\ € T
and some z, 7 € X, where z,% # e, ¥ and 7 are multipliable, ||\1|| > ||¢1]| + 2 and z - & # e. Note that we
allow for & and &, to be empty. So

EN = gﬂAlg;lj}/\l , --55133&, uw=z- 7.
This implies A\; = Au™¢Y, [|A\2|| = 1 and thus
EA" = Grudou” TG T BN T G AT T G BN T
So X\ = )\2_1 and v = Z. But u = z - &, hence x = e, which is impossible.

Subcase: ||£]] = ||M||- If A = €71, then ¢€A" = A\"~! has asymmetric type and £\ ¢ S&. So we may assume
that ¢ = &2 and A = & 12\, = and 7 are multipliable letters, = - Z # e and ||\, || = ||¢1]|. Similarly to the
previous subcase one sees that \; = & and so

EN =GuilGEg Gl G Eg!, u=a- 7

Thus v~ = 7 and &¢; = £, '¢; . But the latter is impossible, since ||&:& || = ||€]] — 1 = 5 implies there is a
letter from T'; in &,¢; that is also a letter in the reduced form of &, ¢, *. This contradicts the assumption that
£ is unbalanced.

Subcase: 4 < ||A]| < |[¢]] — 2.
Subsubcase: ¢ = &2 A\ = &)\ and = - ¥ # e. In this situation ||| = 1, ||\1]| = 3 and

EN =G uMTN BN, u==zx-7.

If either ||&1]| = 2 or ||¢1]] = 1 and & € 'y, then & contains a letter from I'; with its inverse being a letter in
Ap, but € = &A1, and in particular ¢ contains two copies of the same letter from T'; contradicting the
assumption that ¢ is unbalanced. Therefore ||;|| = 1, & € T's and thus A\ = )\Qu‘lgl‘l with || A2 = 1,

N = Grudou T B T T BN u T
Therefore A\ V'— Xy and u = #. Butu = z - %, hence = = e, which is impossible.

Subsubcase: ¢ = &,zA7!, A = &\ and x - = e. Letters z and Z cannot belong to I'y, since this would
contradict £ being unbalanced, so x = 7! € I'y. Let £ = &y, A = 27 '§)\9 and we must have y - § # e (again,
because ¢ is unbalanced), ||£2|| = 0,

EN =& ooz Ighg a7 g N, v=y-7.
Note that ||\|| > 4 implies ||A2|| = 2. If ||§2]|| = 2, then there exists a letter in &, from I'; with its inverse being
a letter in \y. So & = &y, 'g ' has two copies of a letter from T';, which is impossible. Thus ||&|| < 2,
but ||¢2|| is even, and therefore ||€3|| = 0, in other words
EN = vz hg TG Ns .

So Ay = )\3’()_1,
EN = vdgv taTighguT T g v
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whence A\;* = \3 and v = §. But v = y - §, implying y = e, which is impossible.

Therefore the reduced form of ¢ cannot be written in the form ¢ = & zA~!, and we have one subsubcase
left.

Subsubcase: ¢ cannot be written as &,z A\~ In this subsubcase we can write ¢ = &x€, and \ = & 1%\, for
some 1,82, A1 € ' and some z,Z € Xr\{e}, z - & # ¢, ||&1]| = || M| + 2,

ENT =G un& a1 BN, u=1 -7
Therefore & = A\ 17!, [|6]] > 1,
ENT = AT E T G uN BN - RN E T BN

Similarly to the earlier cases, since & = A\ '3~ !¢;2¢, is unbalanced and ||\&; || = 3 (because ||)\|| = 4) we
must have ||¢3]| = 1 and &3 € Te. So \&, ' = Cu='¢; ! for some ( € T, ||¢|| = 1 and
EN =\ Gu T G aCuT i N

Finally we get ( = (! and u = Z, contradicting, as before, x # e.

Subcase: ||\|| = 2.

Subsubcase: € = & zA\™, A\ =3y, ¥ - T # e. Here ||&1]] = 3 and

EN' = & ugiy- - FGEY, u =1 -7
If ||&1]| = 4 orif § € Ty, then & contains two copies of the same letter from T'y, which is impossible by
assumption. So ¢; = g~ 12~ 'g~! and j € I'y. Then
N =g g ugEg - B gig,

1 1 1 1

and u = 27!, whence ¢ = g1z~ 1§~ lag~1%~!, 2 € I'; and such an element is not unbalanced.
Subsubcase: ¢ = £;z\™!, A = 27, - T = e. For an unbalanced ¢ the equality - & = e is only possible when
z,7elyand so & = &yzA™', A =2 'gand y - § # e, because ¢ is unbalanced. So

Y galg, v=1y- 7,

[}

EN =& g

and 7 € I';. Similarly to the previous subsubcase we get ||&;|| = 2, and & = ¢~ 'z, v = §~! and therefore
¢ = jlwyxy~ 'z, which again contradicts the assumption that ¢ is unbalanced.

Subsubcase: ¢ # & \~1. We can write ¢ = £,26 and A = £, 12\, where - & # ¢, ||&|| = 0 or ||&]| = 1,
[|A1]] = 1 or ||A1|| =0, and ||£1|| = 4. Therefore

EN =G uhi&y T - 6 TG T
||€1]] = 4 implies that ¢ starts with A=*\~!, which is impossible. This finishes the first case.
Case: ¢ is of type (i,7) and X is of type (i,4). In this case there are no cancellations between ¢ and A, the
length of X is odd, and if A = Z1\;Z2, then the product
AT =T\ uNu - ulTo,  u = To - T € T;\{e},
is reduced and u # e, because ) is cyclically reduced by assumption.
Subcase: ||A]| = ||€]| + 3. Let A = &1\ 32 and

5)\7‘ = 5@1)\111,/\1’& s ~u)\1i2 .

[E—}

For £\ to be in S& we must have ¢ = #5,'¢; and A\ = A&,
ENT =35 G B g & uNE 'L)\z§f1552-
Thus Ay = A3 %, A3 = A3 " and u = #,. But u = &y - 71, hence i, = e, which is impossible.

Subcase: ||A|]| = ||¢]| + 1. As in the previous subcase for A = Z1\;#p, u = &y - 1 # e and £ = &5 &,
[1€1]] = ||A1]], we have
5)\T = ‘%2_1 515%1 AU U To.

[EE—

Hence & = A\ ', #; = u~! and so

O e o | —1~—1pg—1x
EN =0y QT8 Ty -6 Ty &y T
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and we arrive at & = & ', which is impossible since ¢ is unbalanced and ¢ = 771¢;.
Subcase: 5 < ||A|| < ||¢]| — 1. As before A\ = 31 \1@9, € = 7, & and
ENT =35t § B1A U udy T
From ||\|| < ||¢]] — 1 we deduce &; = A\]'u~'¢; and therefore

N = ANt G B A u e u Ay uN B

[

Since ||\]| = 3, if ||&]] = 2 orif ||&]| = 1 and & € T'y, then the word ¢ is not unbalanced; so & € I'; and
a—1e—1
)\1 = )\2.’[}1 52 and

EN' =y oAy T Gl A & T uda BTG Tuda By T T,
This implies Ao = A5 Land u = #;. Contradiction.
Subcase: ||\|| = 3. Let A = &1§Zo, then
ENT =£ifugju---%.

1 1

Therefore the reduced form of ¢ start with #; '~ u~'§~*u~!, and therefore cannot be unbalanced.

Case: ¢ is of type (i,7) and X is of type (34, j). In this case there has to be a “full cancellation”: either the
reduced form of \" starts with £ ! or the reduced form of ¢ ends in the reduced form of A~". For if this were
not the case, then £ = £ 28 and \" = 551@\1 with z - & # ¢, hence £N” = £ u)\ is reduced with u = z - 7,
and therefore A" has type (7, j), and in particular it is not in Sg.

Subcase: ||\|] = ||€]| + 3. Let & = &1, A = 27L&, A1 @0, where z, 5 # e and
f)\r = )\1u€;1>\1u s f;l >\1i‘2, U = T '.1371 € Fj\{e}.

One sees that \; = 5:51A2, /\51 = \o, U = To, and, as usually, this implies z~! = e.

Subcase: ||A|| = ||€|| + 1. In this subcase ¢ = & x and A\ = z~'¢; ' %, and
N =gl e u
Hence u = i, ' and ¢! = &, which is a contradiction.

Subcase: 5 < ||A|| < ||€]] — 1. Let A = #1§\79 and & = & yu™ A g2, where u = @5 - #;. Note that
[A1]| = 2. As we argued at the beginning of the case, there has to a full cancellation, and we must have
y - § = e, and therefore also y € I'; (otherwise ¢ is not unbalanced). So

f)\r = fl . /\1uy71)\1u- < uyil/\li‘g,

where the product is not necessarily reduced as the dot indicates. If ||{;|| > 0, then the last letter of ¢; is in
T'; (since y € I'y); this letter has to cancel with the first letter of A1, but this implies that £ is not unbalanced.
Therefore ||£;]| = 0 and

5}\7‘ = Alugj)\lu tee ug] )\1.%‘2,

which implies \; = 75 *\2, A2 = A\; !, u = &, and again #; = e, which is impossible.

1

Subcase: ||A|| = 3. Let A\ = 71§, and & = & zoyu'g~ 1@, Since ¢ is unbalanced, either y - §j # e or

zo - u # e, and therefore £\ has type (i, j) and is not in S§.

Case: both £ and A are of type (i, 7). In this case the product £A” is reduced and has type (i, j), and so is
not in Sf. O

Lemma 4.4. Let £ € 'y « I'y be an unbalanced element of asymmetric type, ||¢|| = 6. If v ¢ S§ and r > 4, then
& ¢ St
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Proof. The proof is again by contradiction: assume that we do have &, v and r such that the assumptions hold
and £y € S¢. Let v = ada~! with ) being cyclically reduced, ||A|| > 2, and £&y" = 328! for some z € Xr.
First of all we note that it cannot happen that ¢ = ¢,2¢, and a = & 'Za; for some &1, &, a1 € T and some
non-trivial multipliable z, & € X1 with x - Z # e. Indeed, if this were the case, then the product

&= flual)\afliflfg, u=2x-I

is reduced and therefore £&7" has asymmetric type, and cannot be an element in S&. So either the product £«
is reduced, or one of £, a completely cancels the other one. More formally, we have the following cases.

Case: £v" is reduced. In this case the product éaA\"a~! is reduced (here A" is understood as a single element,
not as a product).

Subcase: ||¢]| = ||a||. For éaA"a~! to be of the form 323~ we must have £ = a¢; and therefore &y" =
afial"a”t = a(&aN)at . Note that ¢ = af; is asymmetric and unbalanced if and on if so is &, We
therefore apply Lemma 4.3 to £, and .

Subcase: ||¢]| < ||a||. Let K > 0 be the largest such that o = ¢¥a;. Then &y = ¢Ka Ao e K =
K (Car\mar )¢ K. The set Sg is conjugation invariant, therefore we need to consider £ A" * only. We
claim that || || < ||€]]. If this were not the case and ||y || = ||¢]|, then for £a1A"a; ! to be of the form 323!
we must have «; = {as, contradicting the maximality of K. So ||a1]| < ||¢]| and we are under the conditions
of the previous subcase with «; in the place of a.

Case: Full reduction.

Subcase: ||¢]| = ||a|| and therefore ¢ = &1 a7~ In this subcase £&y" = & - A"a~ !, where the product is
not necessarily reduced, and therefore o= '¢y"a = a~1¢; - A", where a~'¢; is asymmetric and unbalanced,
because so is ¢ = £;a~ . It remains to apply Lemma 4.3.

Subcase: ||¢|| < ||a|| and therefore a = ¢ 'a;. Let K > 0 be maximal such that a = ¢ ¥ay, then
&y = K au ATy ¢ Tt is enough to show that £ 'as N\ a; ! ¢ SE. Since €47 is assumed to be of the form
BzB~" and by maximality of K we conclude that [|as|| < ||¢]| and therefore can apply the previous subcase
with a5 in the role of a. O

5. AUTOMATIC CONTINUITY FOR HOMOMORPHISMS INTO FREE PRODUCTS

In this section we shall finally prove Theorem 1.5. As we have mentioned earlier, the core of the argument
is to show that there are no surjective homomorphisms ¢ : G — T' with dense kernels. Depending on the
structure of I', we shall use somewhat different modifications of the Dudley’s argument. One of the special
cases will be I" = Z, = Zs. This case is, in fact, already known. More precisely, Rosendal [Ros11, Theorem
3.2] in a somewhat different terminology has proved

Theorem 5.1 (Rosendal). For a completely metrizable topological group G and any homomorphism ¢ : G —
Zs = 7o one of the two possibilities hold: either ¢ is continuous, or ¢(Q) is contained in one of the factors.

In particular this implies that there does not exist a surjective homomorphism from a completely metrizable
group onto Z, * Zy with a dense kernel. We shall need this corollary and for the purpose of completeness
we give a proof of it using the setting of this paper. This argument is, in fact, a reformulation of Rosendal’s
original proof.

In the rest of the section GG denotes a completely metrizable topological group.

Lemma 5.2. Let ¢ : G — Zs * Zo be a surjective homomorphism. The kernel of ¢ cannot be dense in G.

Proof. Suppose the kernel of ¢ were dense. By surjectivity of ¢ there is some g € G such that ¢(g) = zy,
where z and y are the generators of the two factors in Zs * Z,. Let K be the kernel of ¢, and so gK is dense
in G. We construct a sequence (g,, ). _, of elements in G such that ¢(g,,) = =y, and the limit

B = 0 g (g1 (- (g1 (ga) )77 o))
exists, where r,, = 2™. We claim that ||¢(h,,)"™ || = rpn-1 for any m > 2 and ¢(h,,) € Sz,4z,- By
continuity h,, = gmh, , and therefore ¢(hn,) = zyd(hmi1)™. If ¢(hmy1) € A then ¢(h,,+1) has
order 2 and therefore ¢(h,,+1)"™™ = e. In this case ||¢(hn,) ™ || = (xy)™ ' = 2rp_1. If ¢(hmt1) € Szyx2s»
then ¢(h,,41) = (xy)? for some non-zero integer ¢, and therefore ||¢(h,, )| = ||(zy) 1@+ D|| = r,, ;.
This proves the claim and therefore ||¢(h1)|| = m for any m by the same argument as the end of Theorem
3.5. This contradiction proves the lemma. |
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Lemma 5.3. Let ¢ : G — I, where I' = I'y %', be a surjective homomorphism and assume that T’y « 'y # Zo 7o
and that T'y = I's does not have elements of order p for a prime p. The kernel of ¢ cannot be dense in G.

Proof. Suppose the kernel of ¢ were dense. By Lemma 2.6 and surjectivity of ¢ there is g € G such that
¢(g) ¢ S§ = S¢. Using the density of the kernel, and hence the density of any coset, we construct a sequence
(gm)se_; in G such that ¢(g,,) = ¢(g) ¢ S§ - St and the limit

hm = nh—{rolo gm(ngrl(' e (gnfl(gn)rnfl)7'n—2 . )Tm+1)7'm

exists, where r,,, = p™ ™Il We claim that ||¢(h,,) || = 7,,,_1 for all m > 2. Indeed, if ¢(h,,,_1) € Sr,
then this is true by the definition of the set Sp. If ¢(h,,) € Sg, then ¢(g,,) ¢ S§ - Sg implies ¢(hy,4+1) € Sp

and therefore ||¢p(hy)|| = ||0(g9m)d(hm+1)™|| = rm — #(g) = rm—1. Finally, r,,—1 is a power of p and
therefore ||¢(hm) ™ || = ||¢(hyw,)|| by item (ii) of Lemma 2.2, which proves the claim. This inequalities
imply ||¢(h1)|| = m as before and the lemma follows. O

Lemma 5.4. Let ¢ : G — I, where I' = I'y = I'y, be a surjective homomorphism and assume there is an
unbalanced ¢ € T'y = I'y of asymmetric type and length ||£|| = 6. The kernel of ¢ cannot be dense in G.

Proof. Suppose the kernel of ¢ were dense. Let £ € T'; * I's be an unbalanced element of asymmetric type and
of length at least 6. By surjectivity of ¢ we can pick g € G such that ¢(g) = £. Using the density of the kernel
construct a sequence (g., )% _, such that ¢(g.,) = ¢ and the limit

hm = 'r}l—I)r}w gm(ngrl( T (gnfl(gn)rnfl)”'n—Q . )7'n1+1)7'm

exists, where r,, = m + m/|[¢||. Since ¢ is of asymmetric type, unbalanced and ||¢|| > 6, Lemma 4.2 implies
& ¢ S¢ - Sp. Since ¢(hy,) = EP(hum+1)"™™, Lemma 4.4 then implies ¢(h,,,) € Sr for all m > 2, and we again
arrive at an absurd inequality ||¢(hq)|| = m for all m. O

Before the final spurt we would like to recall the classical Kurosh’s subgroup theorem:

Theorem 5.5 (Kurosh). Any subgroup I of a free product T' = sk,caIl', can be written as F(Z) = (*beBF;),

where Z < T generates a free group F(Z) and for each b € B there are a € A and v, € I' such that T') = v Ay, !
and Ay < T,,.

Theorem 5.6. If ¢ : G — T' is a homomorphism from a completely metrizable group T" into a discrete group
T' = k,eal, then either ¢ is continuous or the image of ¢ is contained in one of the factors of I.

Proof. Let K denote the kernel of ¢. The closure of the kernel K is also a completely metrizable group and
we may consider the restriction of ¢ onto K. If K = K, then Theorem 3.7 implies ¢ is continuous and we
assume that K # K. In this case the group I = ¢(K) is non-trivial and we can apply Kurosh’s subgroup
theorem to write IV = F(Z) * (ke pI'}). The homomorphism ¢ : K — I” is surjective and has a dense kernel.
We claim that ¢(K) is contained in a factor of I'; in other words we claim that I has only one factor. Suppose
this is false. Pick two factors of IV and let = be a canonical projection from I onto the free product of these
two factors. The map wo ¢ : K — m(I") is surjective, has a dense kernel and its image is a free product of
two nontrivial groups. By Lemma 5.2 the group #(I"') is not the infinite dihedral group and by Lemma 5.4
there are no unbalanced asymmetric words of length at least 6 in 7(T). But then there can be at most 4
elements of order bigger than 2 in each of the factors of = (I"), for if there were 5 such elements in say I'y,
then one could select three of them z1, x5, z3 such that z; # x;—rl for i # j and so xyyxoyxsy is an asymmetric
unbalanced element of length 6 for any non-trivial y € I';. Hence there must be a prime p such that neither
T'; nor I'y have elements of order p and therefore Lemma 5.3 applies and gives a contradiction.

Thus ¢(K) is contained in a factor of I, which by Dudley’s Theorem 1.1 cannot be the free factor, therefore
#(K) is contained in a factor of T, i.e., ¢(K) < Y[, 7! for some v € I' and some ay € A. We can write
T = skg4e Afa, where 1~“a = ~yI',y~1, so there is no loss in generality to assume that v = e.

Assume first that ¢ : G — T’ is surjective. We claim that in this case I = ', . Indeed, if |A| > 2 and there is
b e A such that b # ag, then pick g € G such that ¢(g) € I';\{e} and choose an h € K\K. Since K is a normal
subgroup of G, we must have ¢(ghg™') € T, but ¢(g)¢(h)p(g) ™ = xpa4,7; ' for non-trivial z,, € I',, and
xp, € I'y. This is a contradiction.

So the theorem is proved under the assumption that ¢ is surjective. If ¢ is not surjective, let I be its image.
Using Kurosh’s subgroup theorem and applying what we have proved for the now surjective ¢ : G — I we
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derive that ether ¢ is continuous (in which case it is also continuous viewed as a map ¢ : G — I') or the
image of ¢ is contained in a factor of I”. But any factor of I'" is contained up to a conjugation in a factor of I,
except possibly for the free group factor F'(Z). But if the image of ¢ is a free group, then ¢ is continuous by
Dudley’s Theorem 1.1. O
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