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Chapter 1

First contact

1.1 Hi, my name is Cber.

Definition 1.1.1. An equivalence relation on aset X isaset E C X x X suchthatforall z,y,z € X
o (z,z) € E;
o (r,y) €E = (y,z) € E;
o (r,y)€Eand(y,z) €cE = (z,2) €E.

When X is a standard Borel space, we say that E is Borel (resp. analytic) if it is a Borel (resp. analytic) subset
of the product space E C X x X. Two points z,y € X are E-equivalent if (z,y) € E; we shall denote this
by zEy. An E-equivalence class of x € X is denoted by [x]g and consists of all the points y € X that are
equivalent to x:

a]e = {y € X : 2Ey}.

More generally, for a subset A C X, [A]g denotes the saturation of A:
[Ale ={y € X : xEy forsome z € A}.

In this notation [z]g = [{z}]e.

We say that an equivalence relation E is countable if each E-equivalence class is countable; we say E is
finite if so is any E-class. Countable Borel equivalence relations form the object of this notes, so we adopt an
abbreviation cber to denote them.

Here are some examples of equivalence relations.

e Identity relation A C X x X, A = {(z,z) : x € X} is the trivial example of an equivalence relation.

e Important class of equivalence relation comes from actions of Polish groups; these are called orbit
equivalence relations. Let G be a Polish group acting in a Borel way on a standard Borel space X.
Points z,y € X are orbit equivalent if they belong to the same orbit of the action:

E¢ = {(z,y) € X x X : Gz = Gy}.
Such an equivalence relation is always analytic. When G is countable, Eg’; is a cber.

e With any countable group G comes a particularly important action — the Bernoulli shift: G ~ 2¢ by
(92)(f) = 2(g~ ' f) forall g, f € G. In the case G = Z this action is the left shift on bi-infinite binary
sequences.
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e Eg is a cber on 2N where two sequences are Eg-equivalent whenever they agree from some point
on: zEgy if and only if there is n € N such that x(m) = y(m) for all m > n. An important
homeomorphism of the Cantor space, called the odometer, is associated with Eg. Odometer is a map
o : 2N — 2N defined by “adding 1 to the sequence” in the following sense. If x starts with m ones
and then comes a zero, x = 1™0x, then o (z) flips the first m ones to zeroes, the first 0 to 1, and agrees
with 2 on the rest of indices, o/(z) = 0™1x. This rule defines o on all of 2N except for the sequence of
all ones. If = 1°°, then o () is defined to be the sequence of all zeroes, (1°°) = 0°°. Exercise|[L.1]
encourages you to check that o is indeed a homeomorphism of the Cantor space.

The odometer, being a homeomorphism of 2N, is a Borel automorphism of the Cantor space, and thus
generates an action of Z, so one may consider the orbit equivalence relation E§N given by this action. It
turns out that EgN is “almost” equal to Eg; the only difference between E;N and Ey is that EgN glues the
Ep-class of 0°° and the Ey-class of 1°° into a single EgN -class. On the rest of the space they coincide.

Exercise [I.2] offers you to check this statement.

e A slight variation of the previous example leads to the tail equivalence relation E; on 2N, where zEy
whenever x and y have the same “tail” — there exist k1, k2 € N such that (k1 + n) = y(ks + n) for
all n € N. There is no canonical group action that realizes E; (though as we shall see soon enough
there is some group action, and in fact an action of Z, that realizes E; as an orbit equivalence relation),
but E; is an orbit equivalence relation of a semigroup action. Let s : 2N — 2N be the left shift:
(sx)(n) = x(n + 1) for all n € N. The tail equivalence relation can then be described by noting that
2 E¢y holds if and only if s*1 (z) = s¥2(y) for some k1, ko € N. Despite superficial similarities in their
definitions, Eg and E; are quite different in some important aspects.

e Turing equivalence relation =7 on 2V is defined by setting x =7 ¥ if « and y are Turing reducible to
each other. Informally speaking, = € 2N is Turing reducible to y € 2N is there is a Turing machine (i.e.,
a computer program) that computes z if it is provided with an oracle y. Since there are only countably
many computer programs (each program, after all, is just a finite string in a finite alphabet), Turing
relation =7 is countable. It is, in fact, a cber on oN.

e While Ey and E; are cbers, we would like to conclude this list with an example of an uncountable
Borel equivalence relation E; defined on RN. Its definition copies that of Eq on 2N. Two sequences
of reals 2,y € RN are E;-equivalent whenever there is n € N such that z(m) = y(m) for all m > n.
Importance of E; lies in the fact that it cannot be realized as an orbit equivalence of a Polish group
action (and, moreover, it cannot be even reduced to such a relation). This result is due to A. S. Kechris
and A. Louveau. An interested reader is referred to [[HjoOO, Theorem 8.2].

1.2 Feldman-Moore’s Theorem
The goal of this section is to prove Feldman—-Moore’s Theorem, which claims that every cber arises as an
orbit equivalence relation of a Borel action of a countable group. We begin by recalling Luzin—Novikov’s

Theorem, the proof of which can be found, for instance, in [Kec95, Theorem 18.10].

Theorem 1.2.1 (Luzin—Novikov). Let P C X XY be a Borel subset of the product of standard Borel spaces.
Suppose every section Py, x € X, is countable. Projection projx P is Borel and, moreover, P can be written
as a union | J,,c Pn, where each P, is a graph of a Borel function.

An easy corollary of the above is that every countable-to-one Borel function admits a Borel inverse.
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Corollary 1.2.2. Let f : X — Y be a Borel countable-to-one function between standard Borel spaces. The
image f(X) is Borel in'Y, and there exists a Borel function g : f(X) — X such that f o g(y) = y for all

y € f(X).
Proof. Exercise[[.3] O

Theorem 1.2.3 (Feldman—Moore [EM77]]). Let E C X x X be a cber on a standard Borel space X. There
exists a Borel action of a countable group H ~ X such that E = Eg. Moreover, one can additionally
assume that H is generated by elements {h; : i € N} such that

(i) h? =id foralli € N;
(ii) xEy if and only if x = y or h;x = y for some i € N.

Proof. Since E C X x X has countable sections, Luzin—Novikov’s Theorem applies, and we may write
E = U,, Pn. where each P, C X x X is a graph of a Borel function: if (z,y) € P, and (z,y’) € P,, then
y = y'. We use the notation P, ! to denote the set

{(z,y) e X x X : (y,2) € P, }.

Since E is symmetric, E = |, Pn_l. Let Py, . = Py, ﬁPn_l, and note that E = Umn P, n. As X is assumed
to be a standard Borel space, there is no loss in generality to assume that X = [0,1]. Let I, J C [0, 1] be
a pair of disjoint closed intervals with rational endpoints; note that I x J C (X x X)\ A. Form,n € N
consider the set Z = Z(m,n, I, J) given by

Z =proj{(z,y) € Pmpn:z€landy € J}.

With each such Z we associate a map h = h(m,n,I,J) : Z — X whose graph (see Figure is the set
{(z,y) € Ppn 2z € Z}.

X -
//A
h(Z){ 7 \ Pon
\/,
ST X
7

Figure 1.1: Definition of the function h(I, J, m,n).

Note that
e W(Z)NZ =@, because Z C I and h(Z) C J,;

e h is injective, because if (z,y) € Z and (2/,y) € Z, then (y, z), (y,2’) € P,, and so z = ' since P,
is a graph of a function;
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° (:1:, h(:z:)) € Eforall x € Z, since Py, ,, C E and (x, h(x)) € Py p.

One may therefore extend / first to a Borel bijection i : Z U h(Z) — Z U h(Z) by setting h(h(z)) = = for
all z € Z, and then to an automorphism i : X — X by declaring h(z) = z forallz € X \ (Z U h(Z)).
The function h = h(m, n, I, J) depends on four parameters. Since I and J are assumed to have rational
endpoints, there are only countably many such automorphisms A, and we may thus enumerate them as
{h; :i € N}. Let H < Aut X be the group generated by {h; };en. We claim that H satisfies the conclusion
of the theorem. We need to check that x Ey implies x = y or h;a = y forsome i € N. Let z,y € X be
such that Ey and « # y. Since E = J,,, ,, Pmn. there is some m,n € N such that (z,y) € Py, . The
assumption x # y allows us to pick disjoint,I ,J C [0, 1] with rational endpoints such that z € [ and y € J.
By definition of h = h(m,n, I, J) one has hax = y. We are therefore done, as h(m,n, I, J) = h; for some
1€ N. O

Corollary 1.2.4. An immediate corollary of Feldman-Moore’s Theorem is that a saturation of a Borel set is
always Borel, since [Alg = U,y hA, where the action H ~ X realizes E.

An interesting question is whether any E can be realized as an orbit equivalence relation Eg for a free action

H ~ X. A crude obstruction to this is to have equivalence classes of different cardinalities, e.g., if E has a finite
and an infinite class, then E obviously cannot be realized by a free action. But even if every E-class is infinite, it need
not admit a realization as an orbit equivalence of a free action. The following example is due to Scott Adams [Ada88]].
For a countable group H let Free(2%7) denote the “free part” of the Bernoulli shift:

Free(2”) = {z € 2" : ha # aforallh € H}.

Let F be the free group on two generators and let E be an equivalence relation on the disjoint union Free(24) LU Free(22)
given by zEy if and only if either z,y € Free(2?) and zEZ y, or 2,y € Free(2/*) and zEL2, y. Adams [Ada88]
showed that E is not given by a free action of any countable group.

1.3 Smooth equivalence relations

Definition 1.3.1. We say that a Borel equivalence relation E C X x X is smooth if there exists a Borel
function f : X — Y into some standard Borel space Y such that z Ey holds if and only if f(x) = f(y). In
terms of reducibility of Borel equivalence relations, E is smooth if it reduces to the equality relation on Y.

A Borel set A C X is said to be a Borel transversal for an equivalence relation E if A intersects every
E-class in exactly one point: Hm]E N A‘ = lforall z € X. A Borel function s : X — X is said to be a
Borel selector for E if xEs(x) for all z € X and zEy implies s(x) = s(y) for all z,y € X. In other words,
a selector is a function that assigns to every x € X a distinguished element from its E-class.

Proposition 1.3.2. Let E be a cber on X. The following are equivalent:
(i) E is smooth;
(ii) E admits a Borel transversal;

(iii) E admits a Borel selector.

Proof. = Let f : X — Y be areduction of E to the equality on Y. The function f is countable-to-
one, thus by Corollary it admits a Borel inverse g : f(X) — X. The set g o f(X) is a Borel transversal
for E.

= Let A C X be a Borel transversal for X. Set s : X — X by defining its graph to be

graph(s) = {(;U,y) cE:ye A}.
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Since graph(s) is Borel, so is the function s itself, which is easily seen to be a selector.

= A Borel selector s : X — X witnesses smoothness as z Ey if and only if s(z) = s(y). O

Equivalence between (ii) and is valid for all (not necessarily countable) Borel equivalence relation. Indeed,

the implication (i) = did not use countability of E, and to see = (i) note that {z : s(x) = x} is a Borel
transversal for E whenever s : X — X is a Borel selector. But in general smoothness is a strictly weaker condition
than admitting a Borel selector. Here is an example. Let X C NN x NN be a Borel set such that proj; X = NN
and yet X does not have a Borel uniformization, i.e., there is no Borel P C X which is a graph of a function such
that proj; P = NN; such a set X exists by [Kec95| Exercise 18.17]. We define E on X by declaring z Ey whenever
proj; (z) = proj; (y). Obviously, proj; : X — NN witnesses smoothness of E, but E does not admit a Borel selector,
for that would mean that X has a Borel uniformization.

The simplest example of a smooth cber is provided by the following proposition.

Proposition 1.3.3. If E is a Borel equivalence relation on X with only countably many E-classes, then E is
smooth.

Proof. Pick a representative from each E-class and let T" be the set of these representatives. Since T is
countable, it is a Borel transversal for E, hence E is smooth by Proposition (note that only implication
= ({i) used that E is countable). O

Example 1.3.4. Let Z ~ R be the action generated by the shift x — x + 1. This actions generates a smooth
equivalence relations, and the unit interval [0, 1) is a Borel transversal for the action.

A more interesting example of a Borel equivalence relation admitting a Borel selector is as follows. Let G be a
Polish group and let H < G be a closed subgroup. Consider the natural action H ~ G by multiplication from
the left. Eg -equivalence classes are precisely the right cosets H g. The orbit equivalence relation given by this action
is Borel (why?). A theorem of Jacques Dixmier (see [Kec95, Theorem 12.17]) states that Eg admits a Borel selector.

Definition 1.3.5. Let E be a cber on X. A Borel subset A C X is smooth if the restriction E N A x A of the
equivalence relation E onto A is smooth. We let 7 to denote the family of all smooth Borel subsets of X;
W is called the wandering ideal.

The following proposition shows that % is indeed a o-ideal of Borel sets.
Proposition 1.3.6. Let A, B, and A,,, n € N, be Borel subsets of X.
(i) fAe W and B C A, then Be W
(i) If A€ W, then [Alg € W'
(iii) If A, € # foralln € N, then |, A, € ¥

Proof. Let f: A — Y beamapsuchthatzEy < f(z) = f(y) forall z,y € A. The restriction
f|B witnesses smoothness of B.

Let " C A be a Borel transversal for E N A x A. The same set T is also a Borel transversal for
EN[AJge x [A]g. Thus [A]g is smooth by Proposition |1.3.2((i).

By item () it is enough to show that [|J,, A ] g is smooth. Since U, 4x] £ = U, [A4n]e, and because of
item ,~ we may assume without loss of generality that each A, is E-invariant. Let A, be the “disjointification”
of Ap: Ag = Ag and A,, = A, \ Uy, Ak for all n € N. Note that A,, are also E-invariant, and

|_|An:UAn.
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Since fln C A, each fln € W by item (). Let f, : fln — Y, witness smoothness of E N fln X fln, where
Y,, is a standard Borel space. Let f : | | A, — | |, Y, be defined by f(z) = f,,(x) whenever = € A,,; here
Ll,, Yx is endowed with the union Borel structure. Since A,, are E-invariant and pairwise disjoint, it is evident
that By <= f(x) = f(y) forallz,y € ||, A, =, An. O

The wandering ideal will play a role similar to the ideal of null sets in measure theory — once we are
able to prove the desired result modulo a smooth set, it will usually be easy to modify the argument to work
everywhere.

1.4 Decomposition into a finite and aperiodic parts

Definition 1.4.1. A subset A C X is said to be E-invariant if it is equal to its own saturation: A = [A]g. In
other words, A is E-invariant if x € A and xEy imply y € A.

Proposition 1.4.2. Let E be a cber on X. There is a partition of X into E-invariant Borel pieces

o0
X:XOOI_I|_|Xn

n=1

such that X, n € N U {oo}, consists of all the classes of cardinality n: if v € X, then Hx]E| =n. Such a
decomposition is unique.

Proof. Uniqueness of the decomposition is evident, we just need to check that sets X, are necessarily Borel.
By Feldman—Moore’s Theorem we may pick an action H ~ X of a countable group such that E = E4;
let H = {h; : i € N}. The set X,,, n € N, is then given by

X, = {a: € X : Jky,..., k, € N such that hy,x # hy,z forall 1 <i,j <n, i # j, and
for any I € N there exists i < n for which hyz = hy,z}.

Sets X,,, n € N, are therefore Borel, and hence so is Xoo = X \ U7 X. O

Definition 1.4.3. Recall that a countable equivalence relation E is finite if each E-class is finite, i.e., if
X = O in the decomposition above. We say that E is aperiodic if each E-class is infinite, i.e., X, = X.

For most of the questions we are interested in these notes, finite equivalence relations will be trivial for
the following reason.

Proposition 1.4.4. Any finite Borel equivalence relation is smooth.

Proof. Let E be a finite Borel equivalence relation on a standard Borel space X. We may assume that
X =[0,1]. Pick an action H ~ X of a countable group such that E = E{, H = {h; : i € N}. Consider the
set A C X given by

A={z e X :x < hpxforalln € N}.

Since each E-class is finite, every E-class has a minimal element, and so A is a Borel transversal for E, hence
E is smooth by Proposition|1.3.2 O
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1.5 Full groups

Two important algebraic objects attached to every equivalence relation are its full and partial full groups.

Definition 1.5.1. Let E be a cber on X. A full group of E is denoted by [E| and consists of all Borel automor-
phisms of X that preserve E:

[E] = {f: X — X | fisaBorel bijection and 2 E f(z) forall z € X }.
A partial full group of E, denoted by [E], consists of bijections between Borel subsets of X which preserve E:
[E]={f:A— B| A, BC X are Borel, f is a bijection, and zE f(z) forall z € A}.

For an element f € [E], f : A — B, we use dom(f) = A to denote the domain of f, and ran(f) = B
denotes its range.

Definition 1.5.2. Let E be a cber on X. Given two Borel sets A, B C X, we say that A and B are equide-
composable if there exists f € [E] such that dom(f) = A and ran(f) = B. We denote equidecomposability
by A ¥ B,orjustby A ~ B.

Exercise[[.4]offers you to check that ~ is an equivalence relation. The following proposition explains the
choice of the term “equidecomposable’”

Proposition 1.5.3. Suppose that E = E)fg is realized as an orbit equivalence of a Borel action of a countable
group H ~ X. Let H = {hy, : n € N} be an enumeration of H. Borel sets A, B C X are equidecomposable
if and only if there are partitions A = | |>7_y A, and B = | |}, By, into Borel pieces (some of which may
be empty) such that hy,(A,,) = By, foralln € N.

Proof. One direction is immediate: if A = | | A, and B = | | B,, are decomposed as above, we may set
f:+A— Btobe given by f(x) = hyx whenever x € A,; this map witnesses A ~ B. We now prove the
other direction.

Suppose A ~ B, let f : A — B be a function in [E] witnessing this. Since zE f(x) for all z € X and
E = EZ, foreach x € X there exists some n € N such that f(z) = h,x. Let N : A — N be the function
that chooses minimal such index:

N(z) =min{n € N: f(z) = hx}.
It is easy to see that N is Borel, and we may set A, = N~1(n). O

When equivalence relation is smooth, we have a simple necessary and sufficient condition for sets A and
B to be equidecomposable.

Proposition 1.5.4. Let E be a smooth cber on X, and let A, B C X be Borel sets. A and B are equidecom-
posable if and only if
[[zleNA| = |[z]enB| forallz € X. (1.1)

Proof. Necessity of the condition is obvious and is valid regardless of whether E is smoothas any f : A — B
witnessing equidecomposability gives a bijection between [z]g N A — [z]g N B for all z € X. We prove
sufficiency of this condition.
Let A, B C X be Borel sets satisfying (I.1)). Let 7' C X be a Borel transversal for E, pick a realization
E = EX and an enumeration H = {h,, : n € N}. Consider the function N : X — N which assigns to z the
first n € N such that h,z € T"
N(z) =min{n e N: hyz € T'}.



8 CHAPTER 1. FIRST CONTACT

The function N is Borel. Let now M4 : A — N be given by
= |{hz" o hn@y() 1k < N(z)} NAl.

Here is a less cryptic explanation of this formula. The function M4 enumerates points of A within each
E-class; in other words, M4 : [z]g — N is an injection with its image being an initial segment of N; in
particular, when A N [z]g is infinite, M4 : [x]g — N s, in fact, a bijection.

The function Mp : B — N can be defined in a similar way, and the condition on sets A and B ensures
that M4 ([z]e N A) = Mp([z]e N B) for any x € X. We are now ready to define f : A — B, f € [E], by
declaring

f(z) =y whenever tEy and M4(x) = Mp(y). O

The converse to Proposition is also true: If A ~ B holds for all A, B C X satisfying (I.I)), then E must

necessarily be smooth. This result is due to Achim Ditzen, Alexandr S. Kechris, Stawomir Solecki, and Stevo
Todorcevic [KST99, Theorem 1.1]. The proof is currently beyond our techniques, but we shall soon develop the necessary
tools.

While any cber is generated by an action of a countable group, smooth relations are generated by dynami-
cally very simple actions of Z. We shall later introduce the notion of a hyperfinite relation, and the following
proposition will imply that any smooth countable relation must be hyperfinite.

Proposition 1.5.5. Let E be a cber on X, and suppose that all E-classes have the same cardinality. Let T be
a Borel transversal for E.

(i) IfHac]E‘ = oo for all x € X, then there exists f € [E| such that

X =]

nezZ

(ii) Ifo]E‘ =n,n €N, forall x € X, then there exists f € [E] such that ™ = id and
n—1
X=|]mMm
k=0

Proof. (i) Let E = E be given by an action of a countable group, H = {h,, : n € N}. Set Ty = T and
fo : T — Tj to be the identity map. We construct inductively Borel sets T}, and Borel bijections f,, : T — T,
fn € [[E] as follows. Suppose T;, 0 < i < n, have been constructed. Let N : 7" — N be given by

n
N(x) = min{n EN:hpx & UT’}
i=0
Note that the set, of which minimum is taken, is non-empty as ‘ [x]E‘ = oo by assumption. The function N

is Borel, and we set

Tni1 = {hywz:x €T} and  fri1(z) = hye)o.
It is straightforward to check that 75,1 is Borel, T' ~ T}, 11 via fy41,and X = | |, 7. By reenumerating
T, and f,, with Z being the index set, we may assume that we have a partition

X = |_| T, and bijections f,, : T — Ty, fn € [E],n € Z,
nezZ
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such that Ty = T and fo = id. One may now define the desired automorphism f : X — X by setting

f(z) = fus10 f7 (x) whenever z € T),.
The proof of this item is similar and is requested in Exercise[1.5] ]
Corollary 1.5.6. If E is a smooth cber on X, then there exists a Borel action Z ~ X such that E = Eﬁ.

Proof. By Propositionwe may decompose X = | |, -nuroor Xn into Borel pieces, such that all classes in
E|x,, consistof n-elements. We may now apply Proposition to each E| x,, separately and get f,, € [E|x, ]
such that for all 2,y € X,, one has zEy if and only if f*(2) = y for some k € Z. Define f : X — X by
setting f(z) = f.(z) whenever x € X,,. Bvidently xEy <= f¥(x) = y for some k € Z folds for all
z,y € X. Thus E = E£, where the action Z ~ X is determined by the generator f € [E]. O

1.6 Invariant measures

Definition 1.6.1. Let E be a cber on X. A measure p on X is said to be E-invariant if u(A) = p(B)
for all equidecomposable A ~ B. If H is a countable group acting on X, we say that y is H-invariant if
p(hA) = pu(A) for all Borel A C X and all h € H. A measure is ergodic if for any E-invariant Borel subset
A C X one has either u(A) = 0or u(X \ A) = 0.

We say that a measure (i is finite if ;1(X) < oo, and p is a probability measure if p(X) = 1.

Proposition 1.6.2. Let E be realized as Eg for a Borel action H ~ X of a countable group, and let |1 be a
measure on X. The measure p is E-invariant if and only if it is H-invariant.

Proof. Suppose first that p is E-invariant. Pick a Borel set A C X, and h € H. Since h : A — hA witnesses
A ~ hA, we get u(hA) = A, and so p is H-invariant.

Let now p be H-invariant, and pick Borel sets A, B C X such that A ~ B. By Proposition [I.5.3|
we may decompose A = | | .y An and B = | |, .y By into Borel pieces such hat h, A,, = B, where
H = {hy, : n € N} is an enumeration of H. By H-invariance of y, u(A,) = p(B,,) for all n € N, whence
w(A) = pu(B) by o-additivity. So y is E-invariant. O

Example 1.6.3. Consider the orbit equivalence relation EgN given by the odometer map o : 2V — 2N, Let
1o be the measure on {0, 1} given by 10(0) = pg(1) = 1/2, and let i be the Bernoulli measure on 2N, that
is the product of measures (o on each copy of {0,1}. By Proposition to show that x is EgN -invariant
is equivalent to checking that it is invariant under the action of Z, which, of course, is enough to check on
the generator. Indeed, p is invariant under the odometer, and the details are requested in Exercise[I.6]

Since Eg differs from EgN only on the set of y-measure zero (Exercise , w is also Eg-invariant.

Proposition 1.6.4. Smooth aperiodic cbers don’t have finite invariant measures.

Proof. Suppose towards a contradiction that E C X x X is smooth and aperiodic, and that p is a finite
E-invariant measure on X . Pick a Borel transversal T for E and apply Proposition |1.5.5(fi) to get f € [E] such
that X = | |, . f"(T). We thus have

00> p(X) = 3 u(fU(T)) = 3D plT) = 00+ u(T) = p(T) =0,

neZ nezZ
But (T") = 0 implies u(X) = 0. O

In fact, one may immediately strengthen the above proposition as follows.
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Corollary 1.6.5. Let E be a cberon X. If A € W, then 1(A) = 0 for any finite E-invariant measure pon X.

Proof. Tt is enough to show that 1 ([A]g) = 0 for any smooth A C X. By Proposition , the set [A]g is
smooth. Suppose p is a finite E-invariant measure on X such that u([A]E) # 0. The restriction of x onto
[A]E is then an E|{ 4 -invariant finite measure, contradicting Proposition O

Corollary 1.6.6. Since we have shown in Example that Eqg admits a finite invariant measure, we may
conclude that Eq is not smooth.

1.7 Spaces of invariant measures

Theorem 1.7.1. Let H be a countable group. There exists a compact metric space U and a continuous action
H ~ U such that for any Borel action H ~ X on a standard Borel space there exists a Borel equivariant
injection £ : X — U.

Proof. Let U be the unit ball of £°°( H) endowed with the weak topology when ¢*° is viewed as the dual of
¢'(H). By Alaoglu’s Theorem U is a compact Polish space. We let H act on U by permuting the coordinates:
(hx)(g) = x(h~tg) forall h,g € H and = € U. It is easy to see that this action is continuous.

Let now H ~ X be a Borel action of H on a standard Borel space. Without loss of generality we may
assume that X = [0, 1]. Let £ : X — U be given by (£(x))(g) = g 'z € [0, 1]. This map is Borel and for
all g, h € H one has

(hé(2))(9) = (&@))(h 7 g) = (W g) o =g "ha = (£&(ha))(9).

Thus £ is a Borel embedding of H ~ X into H ~ U. O

1

Let X be a compact Polish space, and let MEAS(X') denote the set of Borel probability measures on X. It
is a standard fact in functional analysis that MEAS(X) is a convex compact subset in the weaks topology of
the dual to the space of continuous functions on X (see Appendix [A]).

Suppose now that we have a countable group H acting continuously on a compact metrizable X. A
neighborhood of 1 € MEAS(X) in the weakx topology is parametrized by ¢ > 0 and a finite family of
functions fi,..., f, € C(X), and is given by

U(pse, fi,---5 fn) = {VGMEAS(X) : ‘/fidu—/fidl/

< eforalli < n}

Let INV = INV(H ~ X) C MEAS(X) denote the set of H-invariant probability measures on X,
INV = {p € MEAS(X) : pu(hA) = pu(A) forall Borel A C X andallh € H}.

Since the actions is assumed to be continuous, INV is closed in the weak topology. It is easy to check that
INV is a convex subset of MEAS(X).

Finally, let EINV = EINV(H ~ X) C INV(H ~ X) denote the set of ergodic H-invariant probability
measures on X, i.e., 4 € EINV if and only if 4 € INV and u(A) € {0,1} for any Borel H-invariant set
ACX.

Proposition 1.7.2. Let X be a compact metrizable space, and let H ~ X be a continuous action of a
countable group. Ergodic H-invariant measures are precisely the extreme points of the set of all H-invariant
measures: ext INV = EINV.
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Proof. Let u be an ergodic measure on X, and assume towards a contradiction that p is not an extreme point
in INV. We may therefore represent . = puq + (1 — p)ue for some piy, o € INV and some p € (0,1). We
may further decompose o = v1 + v, V1, V9 € MEAS(X), into an absolutely continuous part vy < p1, and
an orthogonal part o L ;. Since such a decomposition is unique, it is easy to see that v; are H-invariant
(but typically not probability measures). One may now decompose X = X; LI X5 into H-invariant Borel
pieces such that v;(X;) = v;(X). Since

w(X1) = pua(X1) + (1 =p)ri(X1) and  p(Xz2) = (1 - p)re(X),

and since p1(X1) = u1(X) # 0, for u to be ergodic we need to have o = 0, whence 1 = pu; + (1 — p)vy,
where 11 < p1. By performing the same argument with roles of ;7 and v; interchanged we get that p; ~ v,
so there is a strictly positive function f € L*(X, u1) such that forall A C X

vi(A) = [ fdm
/

and the function f is moreover H-invariant. If f is not essentially constant, there is r € R>? such that for sets
Xo={zeX:f(x)<r} and X,,={zeX:f(x)>r}

we have p1(X>,) # 0 # pi(Xs,). Note that both X>, and X, are H-invariant, which contradicts
ergodicity of p.

For the other direction, if u is an extreme point of INV, but not ergodic, then there is a decomposition
X = Xj U X5 into H-invariant pieces such that u(X7) - u(Xg) # 0. Set pu;(A) = (AN X;)/u(X5),
i = 1,2, and note that u = puy + (1 — p)pe, where p = p(X1), so p is not an extreme point. O

Since the set of extreme points in a compact metrizable convex set is necessarily a G5 subset, we may
conclude that EINV is a GG5 subset of INV. We may summarize all the above into the following statement.

Theorem 1.7.3. If H ~ X is a continuous action of a countable group on a compact metric space, then the
topology on the set INV of H-invariant measures on X generated by neighborhoods of the form

U(pse, fr,---y fn) = {I/EINV: ’/fl-dy—/fidu‘ <ef0ralli§n}

is a compact Polish topology. The Borel structure on INV is the smallest o-algebra which makes measurable
all maps of the form
INV S pu+— p(A) €R,

where A is a Borel subset of X. The set EINV of ergodic H-invariant measures is a G5 subset of INV.

Proof. We need to explain only the statement about the Borel structure on INV. For this see [Kec95, Theorem
17.24]. O

Definition 1.7.4. For a cber E on X we let INV(E) to denote the set of all E-invariant probability measures
on X, and EINV(E) will denote the set of ergodic E-invariant probability measures.

Corollary 1.7.5. Let E be a cber on a standard Borel space X . Endow INV(E) with the o-algebra generated
by maps INV(E) > p — u(A), A C X is Borel. The space INV(E) with this o-algebra is a standard Borel
space and the set EINV(E) of E-ergodic measures is a Borel subset of INV(E).
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Proof. Let E be generated by a Borel action H ~ X. In view of Proposition we have INV(E) =
INV(H ~ X) and EINV(E) = EINV(H ~ X). By Theorem [1.7.1] there is a universal continuous action
H ~ U on a compact space U, so the action H ~ X admits a Borel embedding into H ~ U. We may
assume for notational simplicity that X C U. By Theorem INV(H ~ U) is the standard Borel space
with the Borel algebra generated by maps 1 +— ((A). In particular, the set

Z={peINVH ~U): puX) =1} is Borel.

But clearly INV(E) = INV(H ~ U)NZ and EINV(E) = EINV(H ~ U)N Z, and the corollary follows. [

1.8 Vanishing Marker Sequence

Definition 1.8.1. Let E be a cber on X. A set A C X is said to be a complete section if A intersects each
E-class: [A]g = X. A sequence (.Sy,)nen Of subsets of X is a vanishing sequence of markers if each S,, is a
complete section, S, D Sy, 41 foralln € N,and ), S, = @.

Lemma 1.8.2. Let E be an aperiodic smooth cber. There exists a vanishing sequence of markers for E.
Proof. Exercise[[.9] O
Proposition 1.8.3 (Slaman—Steel [SS88|). Every aperiodic cber admits a vanishing sequence of markers.

Proof. Let E be an aperiodic cber on X, which we may assume to be the Cantor set X = 2N. Pick a Borel
action H ~ X which realizes E: Efg = E. Consider the map ¢ : X — X that assigns to x € X the
minimal element of HE in the lexicographical ordering (note that lexicographical ordering coincides with
the ordering inherited from [0, 1], when 2N is realized as the “middle third” Cantor subset of the unit interval;
therefore any closed subset has a minimal element). Somewhat more formally, ¢ can be defined as follows.

Let {2, : n € N} be a countable dense set in 2N. The function  is defined by
() =y < Ynhyz>yandVn (z, >y = Im hpx < 2,).

Clearly ( is Borel. Note that the set 7' = {x : {(z) = z} intersects every E-class in at most one point, so we
may partition X = X L X1, where Xy = [T]g, X7 = X \ Xy, and the restriction of E on X is smooth.
Lemma guarantees that we may construct a vanishing sequence of markers (S°) for the restriction of
E onto X. If we construct a marker sequence (S}) for E on X7, then (SY U S}) will be a vanishing marker
sequence for the whole E. So there is no loss in generality to assume that X; = X, or, in other words, that
((x) # x for all z € X, and therefore sets

Sp={z e X :z(i) =((x)(@) forall i <n}
have empty intersection. They are also nested, and each .5, is evidently a complete section. O

Corollary 1.8.4. Let E be an aperiodic cber on X. There exists a partition of X = A U B into two Borel
complete sections.

Proof. Let (Sy,)52, be a vanishing sequence of markers for E. Note that by Exercise Hx]E N Sn‘ = 00
for any z € X and all n € N. Consider the function N : X — N given by

N(z) = min{n : [z]g N S, is a proper subset of [z]g}.

We may therefore put A = {z: v € Sy(,)} and B = X \ A. O
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In fact, one can do better than this as it is always possible to partition the phase space of an aperiodic
cber into two equidecomposable parts.

Proposition 1.8.5. For any aperiodic E on X there exists a Borel partition of X = A U B into equidecom-
posable pieces A ~ B.

Proof. By Feldman—Moore’s Theorem , we may take a group action H ~ X such that E = Eg and
moreover there are h,, € H such that h;, = id for alln € N and xEy if and only if z = y or h,x = y for
some n € N. Let A, C X be such that h,(A,) N A, = @ and h,z = z forallz € X \ (A, U hyAy).
Define sets A,, C A, by induction as follows. Set Ay = Ap and let

An+1 = {ZL‘ S An+1 -, hn+1ZL‘ g U (ATL U hnAn)}

i<n

Evidently sets A,, are pairwise disjoint. Set A = L, A,,, and define f : A — X by putting f () = hpx for
S fln

First we claim that f is injective. Pick distinctz,y € A. If z,y € A,, forsome n, then clearly f(z) # f(y),
so assume that = € A, Y € A,, and let us suppose for definiteness that m < n. By definition of Ay,
hny & hmAm, hence f(y) = hny # hpr = f(). - -

Next we note that f(A) N A = @. To see that pick some =,y € A,z € A,, andy € A, for some m # n.
If m < n, then h,y & A by the definition of A, if n < m, then ¢ hy A, by the definition of A,,. In
either case = # f(y).

Since f € [E], A ~ f(A). We finally claim that HJ;]E \ (AU f(A))} < 1lforallz € X,i.e., we assert
that A U f(A) omits at most one point from each E-class. Suppose towards a contradiction that we have
x,y € X suchthat tEy and z,y ¢ AU f(A). By the choice of h,, one has x € A,, and h,x = y for some
n € N. Clearly z, h,x & UKH(/L- U hifli), thus = € A, hence z € A; contradiction.

The set T = X \ (AU f(A)) is therefore a Borel transversal for the restriction of E onto [Tg. Let
X; = X\ [T)g, andset A" = AN Xy, B = f(A) N X;. The partition X; = A’ LU B’ satisfies the
conclusion of the proposition for the restriction of E onto X;. Since E’[T]E is smooth and aperiodic, it is
easy to find A” C [T]g and B” C [T]g such that A” ~ B” and [T]g = A” L B”. Finally, the partition
X = (A UA")U (B"UB")is as desired. O

Exercises

Exercise 1.1. Check that the odometer map o : 2N — 2N defined in Sectionis a homeomorphism. Show
that o is minimal, i.e., show that every orbit of ¢ is dense in N,

Exercise 1.2. Let Eg,N be an orbit equivalence relation on 2N given by the odometer map o : 2N — 2N, Show
that
x Eg,N y < (zEpy)or (m Eq0° and y Eg 1°°) or (x Eg1° and yEg OOO).

In plain words, show that Eg,N glues two Ep-classes, namely those of 0°° and 1°°, into a single Eg,N -class, and
is otherwise identical to Eg.

Exercise 1.3. Prove Corollary[1.2.2]
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Exercise 1.4. Check that for any cber E equidecomposability ¥ is an equivalence relation.
Exercise 1.5. Prove item ({ii) of Proposition[I.5.5]
Exercise 1.6. Show that the Bernoulli measure on 2N is invariant under the odometer map.

» Exercise 1.7. Show that the Bernoulli measure is the unigue probability invariant measure for the odometer
on 2N,
Exercise 1.8. Let (S,), be a vanishing sequence of markers for an aperiodic cber on X. Show that
|[#]g N Sy| = oo forallz € X andall n € N.

Exercise 1.9. Using Proposition[I.5.5] show that every aperiodic smooth cber admits a vanishing sequence
of markers.



Intermezzo 1

Glimm-Effros dichotomy

We would like now to prove a very important result in the theory of countable Borel equivalence relations. It
turns out that Ey is, in a certain sense, the simplest non-smooth cber.

Definition I.1. Let E and E’ be cbers on standard Borel spaces X and X’ respectively. We say that E embeds
into E’, and denote this by E C F’, if there exists a Borel injection ¢ : X — X’ such that

By < ((z) E' {(y).

When X and X' are topological spaces we say that E continuously embeds into E’, denoted by E C.. E’,
if the map ¢ above can be chosen to be continuous.

The following is a Theorem 3.4.5 in [BK96].

Theorem 1.2. Let H ~ X be a continuous action of a countable group on a Polish space; put E = Eg. If
there is a dense orbit and E C X x X is meager, then Ey C. E.

Proof. Since E is meager in X, we may find a countable family of open sets O,, C X such that for each
n €N

e O, isdensein X x X;

e O, 2 Opy1s

e Op=X\ A, where A ={(z,z):x € X};

e EC X \(),Onie.,if (z,y) € ) On, then =(zEy).

Since E is symmetric, we may assume that each O,, is symmetric as well. We pick a complete metric d on

X and construct a scheme (Us ) ,co<n of open subsets of X and elements h,, € H, n > 1, such that for all
N

s,t €2

1. U,; CUsfori=0,1;

2. diam U, < 27181, for s # @;

3. Uy NU4~ = @

4. Us x Uy C Oy, whenever |s| =n = |t| and s(n — 1) # t(n — 1);

15
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5. ¢°(Upn) = Ug, where |s| =nand (* =(Jo---0(},

¢ = id if s(j) =0,
T hy ifs(j) =1

To clarify item (), for n = 2 it says that Uy = haUpo, Urg = h1Uoo, and Uy = hy o hoUyy (see Figure[LT).
The order in which h;’s are applied is important as generally hy o ho # hy o hy.

Figure I.1: Constructing sets Uy, s € 2<N,

First let us finish the proof under the assumption that such a scheme has been constructed. Items (TH2)
ensure that for each 2 € 2N the intersection N, Uy, consists of exactly one point, so we may define a
map & : 2N — X by setting £(z) to be such that (), Uy, = {&(2)}. The function £ is continuous, and
it is injective by (3). We claim that it witnesses Egy C. E. Indeed, if z,y € 2N are not Ep-equivalent,
then there are infinitely many n such that z(n) # y(n), hence by @) one has (£(z),£(y)) € Oy, forall n
such that z(n — 1) # y(n — 1), but Oy, 2 Opy1, s0 (£(x),&(y)) € ), On; thus (£(z),&(y)) ¢ E. So
~(@Eoy) = ~(£(2)EE(y).

For the other direction, suppose z Egy and let ng be such that (k) = y(k) for all k& > ng. By item ()
for each n we have elements (*I» € H and (¥ € H such that Uy, = ¢ (Ugn) and Uy, = CYln (Upn).
Put o, = (Yl o (¢%In)~1. The definition of ¢* and the fact that 2(n) = y(n) for all n. > ng implies that
Qn = g and ay (U, ) = Uy, for all n > ng. We therefore have

{anoé(x)} = Qp, ﬂUm|n = ﬂ anoUm|n = ﬂ Uy|n = {f(y)}

n>ng n>ng

So any&(x) = £(y), which proves that {(z) E€(y). We have thus shown that xEqy <= £(z)E&(y), as
claimed.

It remains to construct sets (Us) con and elements h,, € H. For Uy we may take X \ A. By assumption
there is z € X such that [z]g is dense in X. We may therefore find distinct zo, z1 € [z]g such that (zg, x1) €
O1. Let hy € H be such that hjzg = x1 and let Uy and U; be small enough neighborhoods of xy and x
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such that h1Uy = U and Uy x U; C O;. By further shrinking Uy and U if necessary we may assume that
Uy C Uy, Uy C Uy, and diam U; < 1/2.

At the next step we want to find distinct 2o, xo1 € Up N [z]g such that for z19 = hyzgp and z11 = hi201
one has (zs, z¢) € Oz, whenever |s| = 2 = |t| and s(1) # ¢(1). If no such xgg, xo1 exist, then

([2]JeNUp)? C AU (id x id)(X \ O2) U (hy! x id)(X \ O2)
U@d x b)) (X \ O2) U (it x Ay (X \ O9).

Since the right hand side of this inclusion is closed, we may add closure to the left hand side, which violates
the assumption that X \ Oj is nowhere dense. Once x(, z¢; are picked, we may find hy € H such that
o1 = hg.%'(]o, and set T = hliL'o() and 11 = h1$01 = hl o hQ.%'()(). Since each pair (iL's, -Tt) S 02, when
s(1) # t(1), we can find neighborhood Uyy C Uy around zgg, such that Us x Uy C Oa, |s| = 2 = |t| and
s(1) # t(1), where Us = (*(Us). By shrinking Uy further if necessary we may assume that items (TJ), (2)),
and (3)) are satisfied. This finishes the second step of the construction, which can be continued in a similar
fashion. O

Before we prove the main result of this chapter, we need one more definition. Let H ~ X be a continuous
action of a countable group on a Polish space. A point z € X is said to be recurrent if there are h,, n € N,
such that h,x — x and h,x # z for all n € N. We may now derive following [Nad98| 9.10] what is called
the Glimm—Effros Dichotomy for cbers.

Theorem 1.3 (Glimm—Eftros Dichotomy). For any cber E exactly one of the following two possibilities holds.
1. E is smooth.
2. ECE

Proof. Let E be realized by a Borel action H ~ X. Since the periodic part of E is always smooth, we may
assume without loss of generality that E is aperiodic. We may also find a Polish topology on X such that the
action H ~ X is continuous.

Our first claim is that if there is a recurrent point x € X, then Eg C E. Let 9 € X be recurrent, set
Y = WE, note that Y is an E-invariant Borel set and consider the restriction of E onto Y. The orbit of
xg is clearly dense in Y. So by Theorem [L.2| above, if we can show that E|y C Y x Y is meager, then
Eo C E|y C E, and the claim will be proved. Suppose towards a contradiction that E|y is not meager in
Y x Y, hence it must be comeager in some non-empty open subset of Y x Y, i.e., there are non-empty open
sets Uy, Us C Y such that

Vi(y1,y2) € Ut x Uz (y1,¥2) € Ely.

By Kuratowski—Ulam this is equivalent to
Vi e Ut Vi € Us - (y1,2) € Ely.

In particular, there is some y; € Uj such that V*yo € Us one has (y1,y2) € E|y. By the set {yo € YV :
(y1,y2) € E|y} is countable, so we have a countable set that is comeager in Us, whence there must be an
isolated point z € Us. In other words, there is an open subset V' C X such that V' NY = {z}. Since [xo]g
is dense in Y, there is h € H such that hxg = z, hence o = h~'z is also an isolated point in Y. But
an isolated point cannot be recurrent, for if h,xg — xg and h,zg # xo for all n, then h,xy & L=V, but
xo € h~'V. This contradiction shows that E|y is meager in Y x Y and the claim is proved.

So, we may assume that no point in X is recurrent and we shall prove that in this case E is smooth. Pick
a compatible metric d on X and set

F, = ﬂ {z € X :ha =zord(hz,z) > 1/n}.
heH
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In words the set F;, consists of those points x € X such that each h € H either fixes « or moves it by at
least 1/n. We claim that X = |J,, F},. More precisely, any € X \ |,, 5, would be recurrent, as x ¢ F),
allows us to pick h,, € H such that h,z # z and d(z, h,z) < 1/n, and therefore h,x — x showing that =
is recurrent.

Let now A C X be a subset of diameter diam A < 1/n. The set A N F}, intersects any E-class in at
most one point. Indeed, if z,y € A N F,, are E-equivalent, then there is h € H such that hx = y. Since
diam A < 1/n, we have d(z,y) < 1/n, but d(z, hx) > 1/n unless hz = x, so we are forced to conclude
that z = y. Since X is Polish, we may partition each F;, = | |;~, A} into Borel sets of diameter at most 1/n.
Thus each Aj, is a smooth set, which shows that so is X = |, ,, 4. O

The Glimm-Effros dichotomy is valid, in fact, for all Borel equivalence relations. This deep result is due to Leo
Harrington, Alexander Kechris, and Alain Louveau[HKL90]. The original argument relied on the methods of
effective descriptive set theory. A classical proof has since been found by Benjamin Miller [Mill2].

A measure 1 on X is said to be E-quasi-invariant if equidecomposability preserves the null sets: p(A) =
0 < u(B) = 0 forall Borel A, B C X suchthat A ~ B. A measure y on X is called non-atomic
if it does not have any point masses: u({z}) = 0 for all z € X. Recall also that y is E-ergodic if for any
E-invariant subset Y C X one has either ;(Y) = 0 or (X \ Y') = 0. For a measure £ on X we let .4}, to
denote the ideal of u-null sets on X.

Fix a cber E on a standard Borel space X. Let QE denote the set of all quasi-invariant, ergodic, non-
atomic, probability measures on X. We remind that % denotes the ideal of smooth sets on X. The following
characterization of the wandering ideal is due to Saharon Shelah and Benjamin Weiss [SW82].

Theorem 1.4. For any cber E the wandering ideal is the intersection of N, overall p € QE: # =) LLEQE N

Proof. We begin by showing the inclusion # C LEQE A,,. Pick a smooth set A C X and a transversal
T C Afor E|4. Let H ~ X be a countable group action generating E. Similarly to the proof of Proposition
one shows that y is E-quasi-invariant if and only if u(A) = 0 <= Vh € H u(hA) = 0. Since
A C [Tl = Upep IT, it is enough to check that p(T') = 0 for all 4 € QE. Pick some p and assume
that u(7') # 0. Since p is non-atomic, the restriction of 1 onto 7" is isomorphic to the (re-normalized)
Lebesgue measure on [0, 1]. We may therefore partition 7' = T} LI T5 into two Borel sets of positive measure:
w(Ty) - p(Te) > 0. Since T was a transversal, [T1]g and [T>]g are two disjoint Borel E-invariant sets of
positive measure. Therefore y is not ergodic, implying that ;(7") = 0 for all 11 € QE as claimed.

For the reverse inclusion we are going to show that for any non-smooth A C X there exists u € QE such
that (A) > 0. By Glimm-Effros dichotomy Theorem we may find a Borel embedding ¢ : 2N — A such
thatzEgy <= &(z)EE(y). Let B = £(2V); note that B is Borel, as ¢ is one-to-one, and E| 5 is isomorphic
to Eg. Let as before H ~ X generate E, and fix an enumeration H = {h,, : n € N}; it is convenient to
assume that hg = id. Define the measure 1 on X by setting

w(C) = Z 27"y (h,C N B),
n=0

where v is the measure on B obtained by pushing forward via ¢ the Bernoulli measure on 2V. We claim that
w € QE and p(A) > 0. The measure 4 is a probability measure, since v(h, X N B) = v(B) = 1 for all n, so
w(X) =320 27" = 1. Also u(A) > v(hgAN B)/2 = v(B)/2 =1/2 > 0, and it clearly non-atomic
as the Bernoulli measure is non-atomic. To show ergodicity, note that for any E-invariant Z C X either
v(ZNB)=0orv((X\Z)NB) =v(B\Z) =0, because v is E|g-invariant. Since for any E-invariant Z
we have h,,Z = Z for all n € N and thus

o0

wZ)=> 2" w(hnZNB)=v(ZNB),
n=0



19

the measure p is seen to be ergodic.

It remains to check that 4 is E-quasi-invariant. To this end we show p(C) = 0 implies p([Clg) = 0.
This implies quasi-invariance, as C' ~ D forces [C]g = [D]g. By definition of p, u(C) = 0 yields
v(hy,Cyp N B) = 0 for all n € N. Using E-invariance of [C]g, we therefore have

0=pu(C)= iu(hnCﬂ B) > I/(U hnC’ﬂB> = V([C’]E N B) =

n=0

=v([ClenB) > 27" =Y 27" 'w(hy[Cle N B) = pu([Cle).
n=0 n=0

Thus p([C]g) = 0, and p is quasi-invariant. O






Chapter 2

Compressible equivalence relations

2.1 'When do we have an invariant measure?

We have seen in Proposition [[.6.4] that smoothness is an obstruction for an aperiodic cber to have a finite
invariant measure. A natural question is whether this is the only obstruction. Recall that a tail equivalence
relation E; on 2N was defined by declaring x E;y whenever there exist k1, ka € N such that z(k; + n) =
y(k2 +n) forall n € N.

Proposition 2.1.1. The tail equivalence relation E; is not smooth, yet it does not admit a finite invariant
measure.

Proof. Suppose E; is smooth. By Proposition m there is a Borel selector s : 2N — 2N Since s is a
Borel function, there must be a dense G5 subset Z C X such that s|z : Z — X is continuous (see [Kec95|
Theorem 8.38]). By considering [),,c> 0" (Z) instead of Z, we may assume without loss of generality that Z
is invariant under the odometer map. Since Z must be uncountable, we may pick z,y € Z such that =(x Ey).
Let 2, € 2N be defined by changing the first n digits of x to the corresponding digits of y:

(i) = {y(z) ifi <mn,

xz(i) ifi>n.

Note that for each n there is m,, € Z such that 0" (x) = x,,. Since Z is assumed to be o invariant, z,, € Z
for all n € N. Since obviously x,, — y, continuity of s guarantees that s(x,) — s(y), but z,, E;x for all
n € N, hence s(z,) = s(z). So s(x) — s(y), i.e., s(x) = s(y), implying that z E;y, contradicting the
choice of ,y € Z. Thus E; is not smooth.

Now to the existence of an invariant measure. Suppose towards a contradiction that there is a finite
E;-invariant measure  on 2V, Let A C 2N be the family of all sequences that start with zero:

A={ze2V:z(0) =0}
Let f : X — A be the right shift map which adds a leading zero:

0 ifn =0,
(fz)(n) = {x(n —1) otherwise.

Note that f : X — A is a bijection which preserves E;, and so X ¥ A. Thus it must be the case that
t

wu(A) = p(X), but X \ A is acomplete section for E¢. So we have (X \ A) = 0and [X \ A]g, = X, which

forces us to conclude that ;4(X) = 0. O

21
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To summarize, being smooth is not the only obstruction for having a finite invariant measure. Scrutinizing
the argument in Proposition one comes up with the following phenomenon, which prevents E; from
having an invariant measure.

Definition 2.1.2. A cber E on X is said to be a compressible equivalence relation if there exists a set A C X
such that X ~ A and X \ A is a complete section. In a more verbose fashion, E is compressible if X is
equidecomposable with a proper subset which omits at least one point from each E-class.

The proof of Proposition shows that E; is compressible, and also that no compressible cber admits
a finite invariant measure. It turns out that compressibility is the precise obstruction for having an invariant
measure. This is the content of Nadkarni’s Theorem, which we shall prove at the end of this chapter.

Remark 2.1.3. Let us note that if E has a finite equivalence class, then E cannot be compressible, because if
X ~ A, then
|[z]g| = |[z]e N A| forallz € X.

So if |[z]g| < oo, then [z]g = [z]g N A, implying that [X \ AJg # X.

2.2 Properties of compressible relations
Compressibility can be reformulated in a number of equivalent ways, some of which look significantly stronger.
Proposition 2.2.1. Let E be a cber on X. The following are equivalent

(i) E is compressible.

(ii) There exist pairwise disjoint Borel sets B, C X, n € N, such that each B,, is a complete section and
B, ~ By, forallm,n € N.

(iii) There are pairwise disjoint Borel sets A, C X, n € N, such that X ~ A, foralln € N.

Proof. (i) = Let A C X besuchthat X ~ Aand B := X \ A is an E-complete section; let also
f X — Abe an element of [E] witnessing X ~ A. Set B,, = f™(B), and note that By ~ B,, via f™ and
each B, is an E-complete section.

= Let H ~ X be an action that realizes E, enumerate H = {h,, : n € N}, and consider a Borel
function N : X — N
N(z) =min{n € N : h,z € By}.

Pick a countable family of injective maps 7, : N — N with disjoint images 7,,(N) N 7,,,(N) = & for m # n,
and let f, : By — B, witness By ~ B,,. Functions g, : X — X are defined by

Tn

gn(z) = f (V@) ° AN (@),

and are easily checked to be injective, thus X ~ g, (X) for all n € N. Since g, (X) € U;en Br,(5)» We get
gn(X) N gm(X) = &, m # n, by the choice of functions 7.

= This implication is obvious, as X ~ Ao, and A; C X \ Ao, so X \ Ag is an E-complete
section. O

Definition 2.2.2. Let E be a cber on X and A, B C X be Borel sets. We use the notation A < B to denote
existence of a Borel subset B’ C B such that A ~ B’. When B’ C B can be found such that A ~ B’ and
moreover [B \ B’]g = [B]g, then a strict notation A < B is used.
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A standard Schroder—Bernstein argument is available for the relation <.
Proposition 2.2.3. If A < Band B < A, then A ~ B.
Proof. The most standard proof of Schroder—Bernstein Theorem works. O

Definition 2.2.4. We have defined the notion of a compressible equivalence relation, and it is convenient now
to define what it means for a set to be compressible. Let E be a cber on X and let A C X be a Borel set. We
say that A is compressible if there exists a subset B C A such that A ~ B and [A \ B|g = [A]e. In other
words, A is compressible if the restriction of E onto A x A is a compressible equivalence relation.

Note that a subset of a compressible set may not be compressible. Indeed, if A N [z]g is finite for some
x € X, then A cannot be compressible; in particular, no compressible set is finite. But any E-invariant
subset of a compressible set is compressible (see Exercise 2.1). We let 72 (or ¢ if we want to emphasize
dependence on E) to denote the family of all Borel subsets of X whose saturation is a compressible set:

A ={AC X : Ais Borel and[A]g is compressible }
We call .7 the Hopf ideal of E (Exercise suggests checking that .77 is indeed a o-ideal of Borel sets).

Remark 2.2.5. Note that relations < and < are transitive. In fact,if A < Band B < C,then A < C. In
particular, if A < B and B < A, then A < A, which is just another way of saying that A is compressible.

Proposition 2.2.6. Let E be a cber on X and let A C X be Borel. If A is compressible, then A ~ [Alg. In
particular, [A]g is also compressible.

Proof. Since the identity map shows A < [A]g and since we have the Schroder—Bernstein argument (see
Proposition , it is enough to show that [A]g < A. We may apply Proposition to get pairwise
disjoint Borel subsets A,, C A, n € N, and bijections f,, : A — A, f,, € [E]. Let H = {h,, : n € N} bea
countable group acting on X and realizing E. Set V : [A]g — A to be given by

N(z) =min{n € N: h,z € A},

and set g : [A]Jg — Atobe g(x) = fn(z) © hn(z)2. This map shows that [A]e < A, and so [A]g ~ A. [

2.3 Nadkarni’s Theorem

As we have already anticipated, compressibility is the only obstruction for a cber to admit a finite invariant
measure. This result for cbers that are realized by an action of Z is due to Mahendra Nadkarni [Nad90],
and Howard Becker and Alexander Kechris [BK96| Section 4] supplied the necessary modifications to make
the argument work for a general cber. The proof of the theorem also benefits from ideas of Eberhard Hopf
[Hop32||. The rest of this chapter follows closely the presentation in [Nad90] and [BK96].

Theorem 2.3.1 (Nadkarni). A cber does not have any finite invariant measures if and only if it is compressible.

The proof of the theorem will take us a while, and will gradually emerge by the end of this chapter. We
would like to start with a discussion of the following question: How one may start constructing an invariant
measure? Let us say we have got a cber E on X and a set A C X. How should we decide what the measure
of A should be?

The key observation is that E-equidecomposable sets must necessarily have the same measure. Here is
how it can be used. Let F' C X be a “sampling set” — we shall try to measure sets in the “units of /™. Let
us say we have an E-invariant measure on X, call it x. If one can partition A into pieces A; U--- U A, UR
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where each A; ~ F' is equidecomposable with F', then measure of A will be at least n times the measure of
F'. If moreover in this decomposition R < F', then we also have an upper estimate p1(A) < (n + 1)u(F).
Suppose we have a similar estimate for the whole phase space X with respect to the same sampling set F":

mu(F) < u(X) < (m+ 1)u(F).
Combining these two estimates one gets that

n__ wu(A) <n—|—1‘
m+1~" puX) ™ m

2.1)

The normalization of measure is, of course, immaterial, so we may as well assume p(X ) = 1, which yields
an estimate on the measure of A. As m and n grow, that is as we take “smaller” sampling sets F’, this estimate
improves its precision, and bounds converge to u(A).

We have argued so far under the assumption that we have an invariant measure p, but the estimate we
arrived at depends on purely descriptive parameters — the number of times a sampling set F' fits into A. So
here is a roadmap for constructing an invariant measure. Pick a “vanishing” sequence (£})°, for E and show
that for any Borel set A bounds in equation 2.1 when computed with respect to F; converge as i — oo.

As usually, the reality is more rugged than the roadmap, and we shall have to introduce some technical
complications into our plan to make it work, but the above discussion hopefully demystifies the origin of an
invariant measure. We begin by developing tools to compare possible measures of two given Borel sets.

Lemma 2.3.2. Let E be a cber on X and let A, B C X be Borel sets; let Z = [A]g N [Blg. There is a
partition of Z = P L Q into E-invariant pieces such that

ANP<BNP and BNQ=<ANQ.

Moreover, P and Q) are unique modulo the Hopf ideal 7 in the sense that if Z = P’ L Q' is another such
partition, then P A P’ and Q A Q' belong to 7.

Figure 2.1: Decomposing Z = [A]g N [B]g into P and Q.

Proof. Let H ~ X, H = {hy, : n € N}, be an action of a countable group realizing E. Set inductively

An:{xeA\UAi:hnxeB\UBi}
i<n 1<n

By, = hn(Ay).

Note that sets A,, are pairwise disjoint, anfl so are sets B@. Note also tha‘E A, > x+— hpyx € B,isa
bijection witnessing A, ~ By, Therefore A ~ B, where A = | | A,, and B = | |,, B,,. One may now set
P=ZN[B\BlgandQ = Z \ P.
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To show uniqueness of such a decomposition, suppose Z = P’ LI ' is another such partition. To show
that P A P’ and Q A Q' are in 77, it is enough to show that P’ N @ and Q' N P are compressible. Set
S =P NQ. Since AN P’ < BN P’, and since S is an E-invariant subset of P/, we have ANS < BN S.
Similarly, BN Q = ANQ implies BNS <X ANS,thus ANS < AN S, so AN S is compressible (by
Exercise[2.4), hence so is S = [A N S]g via Proposition[2.2.6] The argument for @’ N P is similar. O]

Given Borel sets A, B C X and n € N, we shall use the following notation.

e A < nB means that one can represent A as U?:l Aj; in such a way that A; < B foreach 1 < i < n.
Note that A < 1B is equivalent to A < B.

e A < nB means that moreover in the representation A = (J;_; A; as above we can have A; < B for
at least one ¢ < n. It is worth making a few comments about this notion. First of all, this definition is
equivalent to a seemingly weaker one. Suppose the set A admits a representation A = | J;_; A; such
that f; : A; — B witness A; < Band |J,_,[B\ fi(4;)] £ = [B]e. We claim that in this case we
necessarily have A < nB. Indeed, set X = [B \ f1 (Al)] E and define for k < n

Xp41 = [B\ frr1(Ars)] \ | Xae
i<k
Evidently each X}, is E-invariant and by assumption [B]g = | [|;_; Xj. Now set

A= (4N Xy)
=1
= (AN (X\ Xp)) U (A NXyg), fork>1.

The maps f;, : A}, — B defined by

f1(z) = fr(x) whenever z € A, N X;

fi(z) = {fk(x) ifo g X fork > 1

fi(x) otherwise

witness A < B and A} < B.
We note that A < 1B is the same as A < B defined earlier.

e A > nB denotes existence of pairwise disjoint subsets B; C A, 1 < i < n, such that B; ~ B. We
may say in this case that A contains at least n copies of B.

e A = ooB will similarly denote existence of an infinite pairwise disjoint family B; C A, ¢ € N, such
that B; ~ B for all ¢ € N. Note that A > coB implies A is compressible by Proposition [2.2.1|(ii)).

e Finally, A ~ nB will signify the possibility to decompose A = | |\ ; B; U R into Borel pieces such
that B; ~ B and R < B. In particular, A =~ 0B is another way of denoting A < B. Note that A ~ nB
implies that A > nBand A < (n + 1)B.

Proposition 2.3.3. If A = nB and C < mB for some m < n, m,n € N, then C < A. If moreover
C < mB, then C' < A. In particular,

a) if Ax=nB and C ~ mB for some m < n, then C < A;

b) if A= nB and A = mB for some m # n, then A is compressible
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Proof. Suppose we have pairwise disjoint sets B; C A, 1 < i < n, together with maps f; : B; — B
witnessing B; ~ B, and suppose also that C' is written as U;”zl C;, where each C; X B. By considering
C} = Cj\ Uy Ck instead of C;, we may assume that C; are pairwise disjoint; thus C' = | I, C;. For the
moreover part we as lo assume that C,,, < B. Pick maps g; : C; — B, which show that C; < B.

Consider a function £ : C' — A defined by the formula

&(x) = fj_1 ogj(x)ifx € Cj.

Itis easy to check that{ : C'— Ais aninjectionand ¢ € [E]. For the moreover part we have [ B\ g, (Cin,)| =
[B]g and since [C]g C [B]g C [A]g, one may conclude that

[ANEA)]e 2 (e [Ble) U [Bin \ Fin' © 9m(Cn)] = (14Je\ [Ble) U [B\ g (G
= ([4e \ [Ble) U [Ble = [AlE.

Thus C < A as claimed. O

Proposition 2.3.4. Let E be a cber on X, let A, B C X be Borel sets, and let Z = [A]g N [B]g. There exists
a partition Z = Qoo U |77 Qn of Z into E-invariant Borel pieces such that AN Qp ~ n(B N Qy,) for all
neN,and AN Qs = 00(B N Qo).

Moreover, such a decomposition is unique up to a compressible perturbation, i.e., if

o0
Z=Q. U |_| Q) is another such partition,

n=0

then Q,, A Q), € H foralln € NU {oo}.

Bl | o
Bl 8w o
Bl | B B iR, o
2wl | BLi BB IRy o
Bl | Bm BB R @
Bo| |BLimimLimL o 0.

,,,,, L | P i !

Figure 2.2: Partition of Z = [A]g N [B]g into sets @),,. The set B is in darker gray to the left, and A is in
light gray to the right.
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Proof. Let us first provide a little more details to the statement and explain the illustration in Figure If
we set B, = B N @, then the proposition asserts that A N Q,, ~ nB,, i.e., A N Q,, can be partitioned into
Borel pieces

ANQ,=BUB2U---UB"UR,

such that B,, ~ B};L forallt < n,and R,, < B,.

The decomposition depicted in Figure @] is constructed by induction. For the base we apply Lemma
to A and B and get a partition Z = Py U Qg into invariant Borel pieces such that A N Po < BN PO
andBﬁQo < AN Q. We set Qo —PO,BO = BN Qo, and Ry = AN Qo. Since BN Qo < AN Qo, we
may find a Borel subset B! C AN Qg such that BN Qg ~ B.

To build the next layer of decomposition we apply Lemmanto sets BNQpand A; = (AN Qo) \ B!
yielding a partition of [B N Qo] N [A1]e = [A1]e into invariant sets P; U Q1 such that

A1QP1-<BﬂQoﬂ]51:BﬂP1 and Bﬂ@oﬂ@lzBﬂélelﬂél.

We set Q1 = Qo\Ql,Bl BﬂQl,Bl BlﬂQl,ande (AﬂQl)\Bl SlnCCBﬂQl <A10Q1,
we may find B? C A; N Q such that BN Q; ~ B2. Note that B is necessarily disjoint from Bl

The process continues by applying Lemmato sets BN Q1 and Ay = (AN Q1) \ B2 As aresult,
we construct sets (., B, Bfl, 1 < i < n,and R, for all n € N, which satisfy all the conclusions of the
lemma. The sets 0,, 7 € N, may not cover all of Z, so we set Qo = Z \ | |,, @» and show that Qo € JZ.

During the run of the construction above, we also construct disjoint Borel sets B"*1 C A such that
BNQ, ~ B"'NQ, forall n. Since Qo is a subset of Q,, for all n, we may set B! = B"*1 N (Q, and
get infinitely many disjoint Borel subsets of () such that B N Qo ~ B, for every n > 1. In particular,
Bl ~ BZ forallm,n > 1, and by Proposition Qo is a compressible set, since [B N Qoo = Qoo-

It remains to check uniqueness of such a decomposition. Suppose Z = Q_ LI| | @, is a different partition
of Z with the same list of properties. Since Q' and Q~, are compressible, to show @, A Q), € F for all
n € N U {oo}, it is enough to check that Q,, N Q,, € F for allm # nin N. Let S = Q,, N Q’,,. We have
ANQ,~=n(BNQ,)andalso ANQ.,, ~m(BNQ,,). Since S is an invariant subset of both @,, and Q/,,,
we also have AN S ~ n(BNS)and ANS ~ m(BNS). Thus Proposition [2.3.3| applies and shows that
AN S is compressible. By Proposition the set [A NS |g = S is also compressible, and the uniqueness
follows. O

2.4 The fraction function

This section as well as Sections @] and [23] closely follow the material from [Nad90] together with remarks
suggested in [BK96].

For any pair of Borel sets A, B C X we fix a decomposition of Z = [A]g N [B]g into sets Qoo LI| |, @n
as in Proposition [2.3.4]and associate with it a fraction function [A/B] : X — N defined by

4 n ifx € @, forsomen € N,
[B} () =00 ifz € Qu,
0 otherwise.

The function [A/B] does depend on the choice of the partition of Z, but in a very mild way: if [A/B] is
defined with respect to another way of decomposing Z = Q. U | |, @,, then

{z € X : [A/B](z) # [A/B]'(z)} is in the Hopf’s ideal.

Given functions £, ( : X — R, we shall use notations like { = £ mod 7, { < £ mod .77, etc. to denote that
the set of z € X such that {(z) # £(x), {(x) £ &(x), etc. belongs to 7. Since set () in the definition of
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the fraction function is compressible, if we are interested in the behavior of [A/B] only mod .7#, then we
may safely disregard points x in (). Here is a rather long list of properties of the fraction function, most of
which are very natural to expect based on its definition.

Proposition 2.4.1. The fraction functions possess the following properties for all Borel sets A, B,C, D C X.
(i) If wEy, then [A/B](z) = [A/B](y).

(ii) If A ~ C, then [A/B] = [C/B] mod €.

(iii) If B ~ D, then [A/B] = [A/D] mod 7.

(iv) If A < C, then [A/B] < [C/B] mod 7.
(v) If B <X D, then [A/B] > [A/D] mod 7.

(vi) If S is E-invariant, then [A/B]|, = [(AN S)/B]|g mod A, ie.,

{z€S:[A/B)(x) #[ANS/B)(x)} € .

(vii) The setY = {z € X : [A/B](z) < [C/B](x)} is E-invariant and Y N A <Y N C.
(viii) If B is an E-complete section, then [A/B][B/C] < [A/C] < ([A/B] +1)([B/C] + 1) mod .
(ix) If A and C are disjoint, then [A/B] + [C/B] < [(AUC)/B]| < [A/B]+ 1+ [C/B] + 1 mod .

Proof. Ttem (f) is obvious, since sets (), in the definition of the fraction function are E-invariant. Items
and will follow from (iv) and (V) respectively, because A ~ C'is equivalentto A < C'and C' < A.

Let Qn, n € N U {oo}, be the decomposition of [A]g N [B]g associated with [A/B], and let Q/,,
n € N U {oo}, be the decomposition for [C'/B]. Since A < C, we have [A]g N [B]g C [C]g N [Blg, soitis
enough to show that for all m,n € N, m < n, the set @, N Q},, is compressible. Set S = @Q,, N Q’,, and note
that by the conditions on Q,, and Q/,, we have AN S ~ n(BNS) and CN S ~ m(BNS). Proposition[2.3.3]

implies C NS < AN S. Since by assumption AN .S < C NS, we conclude that AN S < AN S, hence
S = [A N S]g is compressible.

Item (v) is proved similarly to the previous one, and we omit the argument.

If Q,, n € NU {o0}, is a decomposition of [A]g N [B]g associated with [A/B], then

Qoo NS) U | 5(QuNS)

is a partition of [A N S]g N [B]g, which satisfies the conclusion of Proposition Since we have shown
that such a partition is unique up to a compressible perturbation, we get [A/B| ‘ g = [(ANS)/B] ‘ g mod 7.

Let @, n € NU {oco}, be the decomposition associated with [A/B]. Note that sets Y N (X \ [B]g) and
Y N Qoo are empty, so the set Y = {x € X : [A/B](x) < [C/B](x)} can be split into two pieces:

Vi =Y n([Ble\[Ae),

o0

Yo = J(@QunY)=[4enY.

n=0
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Note also that ANY; = &, so evidently ANY; < C'NYj. Itremains to check that ANY, < CNYs. IF Q)
is the decomposition associated with [C'/ B], then we need to show that for any m € N and any n € NU {oo},
m < n,we have AN Q,, N Q) < CNQy N Q.. This follows from Propositionm

If v ¢ [Alg or z & [C|g, then [A/B](x)[B/C](z) = 0 = [A/C](x). Since the item is claimed to
hold mod 7, it remains to consider the following situation. Let Q,,, @}, and Q! be the decompositions
associated with [A/B], [B/C], and [A/C], respectively. We show that the inequality is true mod .7’ on each
S=QrNQ;NQy, for k,1,m € N. We have

ANS=~kBNS) and BNS=I(CNS) = (ANS) = kl(CNS).

Since also (AN S) ~m(C N S),if kl > m, then AN S is compressible by Proposition [2.3.3] Now for the
other direction, suppose m > (k + 1)(l + 1). Then A N S admits at least (k + 1)(I + 1)-many copies of
C' N S. But each set of (I + 1)-many copies of C' N S admits a copy of BN S (because BN S ~ [(C' N S)),
thus AN S contains at least (k + 1)-many copies of BN S. Since we also have AN S ~ k(BN S), ANSis
compressible, and the inequality is proved mod 7.

The argument is left for Exercise O

2.5 Subsets of uniform proportion

Lemma 2.5.1. For any aperiodic cber E on X there exists a decreasing sequence of Borel sets (F},)>2_ such
that Fo = X and Fy 1 ~ (F, \ Fpt1) foralln € N.

Proof. We start by setting Fy = X and employing Proposition [I.8.5]to partition X = F LY into equide-
composable pieces, F1 ~ Y7. Note that the restriction of E onto F must be aperiodic, so we may partition
F into equidecomposable F> LI Y, and continue the process in the same fashion. The sequence F, is as
desired. 0

Remark 2.5.2. We call a sequence (F},),en as in Lemma a fundamental sequence for E. It is worth
noting that while each F;, in a fundamental sequence is necessarily a complete section, the sequence may not
vanish, but the saturation of its intersection S = [Fi]g, Foo = ﬂn F,,, must be a compressible set. Indeed, if
fn:Fp— (Fn,l \Fn), n > 1, are bijections from [E], then F.\, ~ f,,(F) forall n > 1, and sets f,,(Fo)
are pairwise disjoint, because so are sets F,_; \ Fj,. Thus by Propositions S is compressible.

For the rest of this section we pick a fundamental sequence (F},)7 , for E. Note that we necessarily have
[F/Fn+1] = 2 mod S for all n € N, and, moreover, [F,,/F,+m] = 2™ mod S for all n,m € N. Itis
convenient to choose the partition of X guaranteed by Proposition in such a way that

[Fr/Frnim](x) = 2™ holds for all x € X.

Also, for any invariant Borel subset Y C X we agree to choose the partition which arises from intersection
with Y of the partition associated with [X/F,,], i.e.,

2" ifxeY
0 otherwise.

[Y/Fa](2) = {

Proposition 2.5.3. Let E be an aperiodic cber on X. For any A C X there exists a subset B C A such that
W B) = 9(A)/2 for all E-invariant probability measures ¥ on X.
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Proof. Pick some m € N, and let Q,,, n € N U {oo}, be the partition of [A]g associated with [A/F},,]. We
may ignore . as ¥(Q) is always zero. Each A N @,, can be partitioned as

ANQn=A"U---UA"UR,,

where A;‘ ~ Fn,NQ@y,foralll <j <n. Set

Zin = (A7 0 AT, o) and Z5, = | (AT U U A3 L))

n n

Note that Z,,, ~ Z) , Zy N Z] = &, and (AN Q) \ (Zn U Z],) C A" U R, s0
0<IANQL) —NZmN Q) —IZ, NQy) < VAL +I(R,) < 20(F N Qy)-
Summing over all n we get that
0 < V(A) — I (Zn) —9(2Z),) < 20(Fn N [Alg) < 20(F,) =27 (2.2)

We are ready to construct sets B,, and B/, by induction as follows. For the base, apply the above for to A
and F} to get subsets 71, Z] C A. Set By = Z; and B} = Z;. If B,, and B, have been constructed, apply
the above procedure to A \ (B, U B},) and m = n + 1 yielding sets Z,, 11, Z,, ;. Set B, 1 = By, U Z, 1
and By, | = Z],,. Finally, set

n
B=|JB.=|]|%. and B'=|JB,=|]2,.
n n n n

It is easy to see that B ~ B’ and (2.2) implies that (A) = ¥(B) + ¥(B’), thus ¥(B) = ¥(A)/2 for any
E-invariant Borel probability measure 1. O

Corollary 2.5.4. Let E be an aperiodic cber on X. For any A C X and any a € [0, 1] there exists a subset
B C A such that ¥(B) = a¥(A) for all E-invariant probability measures 9 on X.

Proof. Using Proposition [2.5.3| we may find A; C A such that 9(A4;) = J(A)/2; set A} = A\ A;. Using
the same proposition for A; we can find As C A; such that ¥(A;) = 29(Asz); set Ay = A; \ As. Continuing
in the same fashion, we may construct a decreasing sequence A,, 2 A, .1 and pairwise disjoint A/, such
that ¥(A])) = 27"9(A) for all n > 1 and all E-invariant probability measures ¢. Take the parameter a and
consider its dyadic representation a = Y 2>, €,27F, ¢, € {0, 1}. Set

B= || 4,

n>1
en=1
One has
9(B) = ed(A) =Y a2 MI(A) = ad(A). O
k k

An interesting observation following from the existence of fundamental sequences and Proposition [2.3.4]
is that invariant measures are uniquely determined by their values on invariant sets.

Theorem 2.5.5. Let E be an aperiodic cber, and let i and v be E-invariant Borel probability measures on X .
If u(Z) = v(Z) for all E-invariant Borel sets Z C X, then = v.
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Proof. Pick a Borel set A C X and an € > 0. We are going to show that !u(A) - V(A)| < e. Pick mg so
large that 27" < € and consider the partition [A]e = [ |,,cnuqoc) @n associated with [A/Fyy,,]. Note that X
can be partitioned into 2™° many Borel pieces each equidecomposable with F,,,, which implies that

WEpeNZ)=2""(2) =2""v(Z) =v(Fp, N Z)

for any invariant Borel Z C X. Note also that 1(Qs) = 0 = v(Quo ), as Qo is compressible.
On @, the set A N @, can be partitioned as A N @Q,, = || A" U Ry, where A" ~ F,,, N Q,, and
R, < Fpny N Qy. This implies that

AN Qn) € [ni(Fing N Qn), (0 + Di(Fing N Q)] = [n2770u(Qn), (n+ 1)27701(Qn) -

A similar estimate is valid for v as well. We therefore have

[1(A) = ()] =[S u(AnQu) = Y v(AnQu)
n=0

n=0

<D |mAN Q) — (AN Q)|
n=0

< Dl + 1270(Qn) = n2 " u(Qn)]|

n=0

=270 " u(Qn) =270pu(A) <27 <e. O
n=0

2.6 Local measures

The following lemma describes the behavior of functions [A/F,,] as n — cc.
Lemma 2.6.1. Let A, B C X be Borel.

1. The limit lim,,_,oo[A/ F,,)(x) exists mod F; it is equal to zero on X \ [A]g and it is equal to oo on

[A]g mod .
2. The limit lim,, {gﬁﬂg; exist mod F; it assumes a non-zero finite value on [A]g N[B|g modulo
the Hopf’s ideal.

Proof. (1) It is clear that lim,,_,~[A/F,](z) = 0 for each z € X \ [A]g, since [A/F,,](x) = 0 for all such
x and all n € N. We show that lim,,_,o[A/F,](x) = oo mod S for z € [A]g. By Proposition [2.4.1|{viii),

[A) Fom] = [A) Fu][F/ Fogm] = [A/Fy] - 2™ mod JZ.

If [A/F,](x) # 0 for some n, then [A/F,,+n](x) — 0o mod S as m — oo. It is therefore enough to show
that the set
Y = {z € [A]g : [A/F,](z) = 0foralln € N} is compressible.

Let Q7,1 € NU{oo}, be the decomposition associated with [A/F},]. By the definition of the fraction function,
Y =,Qi ie,ANY < F,NY forall n € N. This means that [Fn/(A N Y)] ‘Y > 1 mod 47 for all
n € N. Since by Proposition [2.4.1|(viii) for x € Y we have

FO FO Fn n Fn n
5] [2][5] 2[5 i

'We assign value O to fraction if the numerator is 0 even if the denominator is also zero, and we assign the value oo if the numerator
is infinite. The latter is less important though, as the behavior of the fraction is studied only up to compressible perturbations, and
the set of points where the fraction function is infinite is always compressible.
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we conclude that [Fp/A] ‘Y = oo mod ., which by the definition of the fraction function and Proposi-
tion implies that Y is compressible.

(2) Because of the way we defined the value of a fraction when either the numerator or the denominator is zero,
the statement is obvious for z ¢ [A]g N [B]g. So we show that for € [A]g N [B]g the limit lim,,_,~ %
exists mod .77 and attains a finite non-zero value mod .77. The key to this is again Proposition ,
which gives for alln,m € N

[A/)Foim] < ([A/F] + 1) ([Fo/Fpgm) + 1) = ([A/Fa) +1)(2™ + 1) mod 2,
[B/Fpim] > [B/FR)[Frn/Fosm) = [B/Fy) - 2™ mod ., whence

[A/Fn—i—m] < [A/Fn] +1
[B/Fn+m] B [B/Fn]

(14+27™) mod 7.

We may thus conclude that

A/Fyim A/F,)+1
s (AL Foren] _ [A/Fu] +

< mod s foralln € N.

Note that by item (T), lim[B/F},]| (Bl mod 7, so the limsup in the formula above is finite mod J#.
Also, since the limsup in the left hand side does not depend on n € N, and since the inequality is true for all
n € N, we get for z € [A]g N [Ble

. [A/Fa] _ A/ Fogm] _ o A/E L [A)E)]
lim sup = limsup ——-—— < liminf —————— = liminf mod J7.
noo [B/Fn]  moco [B/Fpym] = noee [B/E)] n—oo [B/F]

This shows that for z € [A]g N [B]e the limit lim,,_, {gﬁﬂgi; exists mod .7 and is finite. To show that it

is non-zero mod .7#” we use similar inequalities with roles of A and B interchanged (see Exercise[2.8). [J

The previous lemma allows us to define the local measure function by setting

= lim M = lim M
mid )= i SR T A o

whenever the limit exists, and default the value to 0, whenever the limit does not exist.

Proposition 2.6.2. The local measure function satisfies the following properties for all Borel A, B C X.
(i) m(A, -): X — R2"is a Borel function.

(ii)) m(X,z) =1land m(D,z) =0 forall x € X.

(iii) If A ~ B, then m(A, ) = m(B, x) mod .

(iv) If xEy, then m(A, x) = m(A, y).
(v) m(A,z) = 0mod F ifand only if A € H.

(vi) m(A,z) > 0mod H forx € [Alg.

i) IfY = {z € X :m(A,z) <m(B,z)}, then ANY < BNY mod H, i.e., there exists Y' C'Y such
that Y\Y' € # and ANY' < BNY'

(viii) If A, C X are pairwise disjoint, then m(Un A, :E) =), m(Ay, x) mod F.
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(ix) If S C X is E-invariant, then m(A, x) ’S =m(ANS, z) ‘S mod F€ in the sense that the set

{zesS:mAz)#£m(ANS z)} €.

Proof. Ttem (i) is obvious, since [A/F,,| are Borel, and a pointwise limit of Borel functions is Borel; (i) is
evident from the definition of m. Items ({iii)) and (iv]) follow from Proposition [2.4.1|(ii)) and Proposition 2.4.T(i)
respectively Items (v)) and (vi) form the content of Lemma[2.6.1}[2). Also (ix)) is evident from Proposition

. So it remains to prove (vii) and (viii).
m vii) Let )

Y, ={z € X :[A/F,)(z) < [B/F,)(z)},
and set Y/ = Y N, Yy; we may partition Y’ = | | Yn, where Y,, = (Y'NY,) \ Ui<n Yi. Note that
each Y}, is E-invariant; using Y;, C Y,, and Proposition 2. li we have Y, N A < Y,, N B, and therefore
ANY' < BNY"

This item requires some amount of work. We begin by noting that finite additivity follows easily from
Proposition 2.4.1|(ix). Indeed, if A and B are disjoint, then

A/F+[B/Fy] _ [(AUB)/F.] _ [A/E]+[B/Fy] +2
X/E] S /R S [X/R)

and both the lower and the upper bounds converge to m(A, z)+m(B, x) as n — oo. Together with Proposition
2.4.1({iv), this guarantees that m(|J; A;,z) > > .2, m(A;, 2) mod . Indeed, since obviously |J", A; <
U2, Ai for all m € N, we have

() /5] = [(Uae) /8] o r

and so m(|J;2, Ai, x) > m(UL, Ai,z) = > ;% m(A;, ) mod S for all m € N. Since the left hand side
does not depend on m, we get m({J;2, Ai, ) > > ;2 m(A;, z) mod S (and, in particular, the right hand
side converges modulo the Hopf’s ideal). It remains to show the inequality in the other direction.

First we show the following claim: If m(A4, z) > > 72 m(A;, ) mod 7, where A; are pairwise disjoint,
then (J;°, A; < Amod 7. If m(A,z) > > .2 m(A4;, z) mod 7, we have, in particular, that m(A, z) >
m(Ap, z) mod S, so by item we have Ay < A mod J7, i.e., there exists By C A such that Ay ~ By
mod 7. We thus have

m(A, z) = m(By,z) + m(A\ By, x) >ZmAZ,a; mod .

Since m(Ay, z) = m(By, z) mod .7 by (iii), we conclude that m(A \ By, z) > > 2, m(A;, z) mod S, so
one may find By C A\ By such that B; ~ A; mod .. Continuing the argument, we construct pairwise
disjoint B; C A such that B; ~ A; mod 7, hence | J; A; < A mod JZ as claimed.

To finish the proof of item (viii), assume towards a contradiction that we have m(|J, A, z) > >, m(A;, z)
mod 7 for a certain family of pairwise disjoint sets A;. We may pick £ € N so large that the set

S = {x e X: m<U Ai,x) > Zm(Ai,x) + 2*]“} is in compressible.

By adding the set X \ | J; A; to family A;, we may assume without loss of generality that  J, A; = X. We
have mod .77 the following inequalities

m(X \ Fj,z) = m(X,z) —27* (UAZ,QZ>—2 k>ZmAZ,$
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which by the claim above implies that | J; A; < X \ F}, mod .%Z. Since F}, is an E-complete section, we have,
in fact, that X = |J 4; < X mod .77, i.e., X € S, and so is trivially valid mod .77 O
2.7 Uniqueness of local measures

We have built the local measure function m(A, =) via an explicit construction. The goal of this section is to
show that properties of m listed in Proposition [2.6.2]identify m uniquely. For the purpose of this section we
define a local measure function on X to be any map n : B x X — RZ? such that for all Borel 4, B € B

1. n(A, -): X — R2%is Borel.

2. n(X,z) =1 mod . and n(&,z) = 0 mod J7.

3. n(U, An,z) = 3, n(Ay, ) mod 5 for any pairwise disjoint family of Borel sets.

4. n(A,x) =n(B,x) mod # forall A~ B.

5. n(A,z) =n(A,y) forall x,y € X such that zEy.

6. If S C X is E-invariant, then n(A, :z:)}s =n(ANS, x)!s mod J7.

We note that item (6)) implies that n(A, z) = 0 mod .7 for z € X \ [A]g. Since local measures must
attain non-negative values, additivity implies monotonicity: if A C B, then n(A,z) < n(B,z) mod 7,

because
n(B,z) =n(A,z) +n(B\ A,z) mod .

Lemma 2.7.1. Let n be a local measure function on X and let ' C X be such that X can be partitioned
into Borel sets X = \J;_, F} such that F' ~ F; for all i. In this case w(F,z) = 1/n mod €.

Proof. By item @) n(F,z) = n(Fj,z) mod  for all i, and also by () n(X,z) = 37 n(F};,z) mod /2.
Since by @) n(X, z) = 1 mod J#, we have modulo the Hopf’s ideal

1=n(X,z) =Y n(F;,z) =nn(F,z),
i=1
whence n(F,z) = 1/n mod 7. O
Lemma 2.7.2. If A = nB, then nn(B,x) < n(A,z) < (n+ )n(B,x) mod 7.

Proof. Recall that A ~ nB means that we can partition A = | | ; A; U R in such a way that A; ~ B and
R < B. Modulo the Hopf’s ideal we have

n n
nn(B, ) :Zn Bi,x) <n(A4,z) :Zn Bi,z)+n(R,z) < (n+ 1)n(B,z),
i=1 i=1

where the last inequality uses monotonicity and item (4)). 0

Proposition 2.7.3. If ny and ny are local measures on X, then ni(A, z) = na(A, x) mod 5 for all Borel
ACX.
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Proof. We are going to show that for any ¢ > 0 and any Borel A C X one has
’nl(A,x) - 1’12(14,1')‘ <€ mod .
Pick ng so large that 270 < ¢, and note that Lemma 2.7.1]implies
n;(Fpy,z) =2""" mod J,j =1,2,

where F, is an element in the fundamental sequence. Take the decomposition [A]g = | |, Ny {00} @n
associated with [A/F,,,]. One has

n(A,x) =0=ny(A,2) mod S forz & [Alg,
so it is enough to show that for each m € N
Ini(A,z) —n2(A,z)| < e mod S for x € Q.

Pick some m € N. Item (6 ensures that n;(A, z) = n;(A N Q. x) mod S for z € Qp, and j = 1,2.
But AN Qpy = mo(Fry N Qmy, ), which by Lemma means that modulo J# for z € @, we have for
bothj=1andj =2

(A, 2) = 0j(AN Qmg, x) € [mon;(Fny, ), (mo + 1)1, (Fry, )] = [mo27"°, (mg + 1)277].

The latter yields that [ny (A, z) — ng(A4, z)| < 27™ < e mod J# on Q. as claimed. O

2.8 From local to global

In this section we show how to concoct from the local measure function a genuine measure on X whenever
X is in compressible, thus finishing the proof of Nadkarni’s Theorem.

Let E be a cber on X, pick an action of a countable group H ~ X which realizes E. By the standard
“change of topology” technique we may endow X with a zero-dimensional Polish topology such that the action
H ~ X becomes continuous. Let C be a countable family of cl open subsets of X which

e forms a basis for the topology on X;
e is an algebra of sets, i.e., it is closed under finite unions, finite intersections, and complements;
e is H-invariant in the sense that hC' € C forall h € H and all C' € C.

Pick a compatible metric d on X, and let C;, = {C € C : diam C' < 1/k}. Note that each Cy, is a sequential
covering class (see Appendix. Foreach C' € C and k > 1 we pick a (finite or infinite) partition C' = | |, ck
such that C* € C;, for all n € N. Since the family C is countable, we may select an E-invariant subset Z C X
such that X \ Z is compressible and for all z € Z and all C, D € C we have

() m(2,z) = 0;

(i) m(C,z) = 307 m(Cr, )
(iii) m(C,z) + m(D,z) = m(C U D, z) whenever C N D = &,
(iv) C» D = m(C,2) =m(D,z).

Items above are instances of corresponding items in Proposition [2.6.2]except that we may assume that they
are true for each x € Z, instead of holding mod .77.
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Theorem 2.8.1. Let 7, : C — [0, 1] be given by 7,(C) = m(C, x) for each x € Z, and let i, : B — [0, o0]
be the Carathéodory measure on Borel subsets of X associated with the outer measure constructed over T
(see Appendix [B| for the construction of the outer measure over 7). For each x € Z, jiy is an E-invariant
Borel probability measure on X. Moreover, j1,(C) = 1,(C) for all C € C.

Proof. Each i, is a Borel measure on X by the Carathéodory’s Theorem. Since X € C, to show that p, is a
probability measure, it is enough to check the moreover part, i.e., that 11, (C) = 7,,(C) for all C' € C. Pick
C € C and € > 0, we show that 11,,(C) > 7,(C) — e. For each k > 1 we have a family C¥ € C}, such that
C=],Ckand7,(C) =3, 7.(CF), so we may pick p,, so large that 7,(C) — e/27% > S"Pk /. (CF). Put
YN = ﬂi\;l UPe, C*, and note that Yy O Yy, forall N € N and that

N
m2(YN) 2 7(C) = Y /277 > 7 (C) — e

k=1

Since each Yy is covered by finitely many balls of diameter < 1/ and since each C¥ is closed, the intersection
Y :=(y Yn is a compact subset of C'.

We claim that 1, (Y) > 7,(C) — ¢, thus showing that also 1, (C) > 7,(C) — e. Pick § > 0 and let
Dj € C, j € N, be acoverof Y such that pz(Y) +6 > >, 72(D;). Since Y is compact and each D; is cl
open, there is a finite subcover Dy, ..., Dys of Y. We therefore also have

M
pe(Y) 40> m(D;).
j=0

Since Y is compact and Dy U - - - U D)y is open, there exists 6’ > 0 so small that d(y;,ys) > ¢ for all
y1 € Yandall yo &€ DyU---U Dyy. Since dist(Y,Yy) — 0as N — oo, one can find Ny so large that
YNO CDyU---UDy. ButYNO € C,so

M M
a(Y) > 7a(C)) — 6= m(U Dj,x) — 5> m(Vy,x) — 8 > 15(C) — € — 6.
§=0 =0

Since ¢ is arbitrary, 115,(Y) > 7,(C) — €, and so p,(C) > 7,,(C).
The opposite inequality is evident from the definition of 1, and so we have p,(C') = 7,.(C) forall C' € C.
In particular, p,(X) = 7,(X) = m(X, z) = 1, so u, is a probability measure on X.
Finally, we show that it is E-invariant. By Proposition this is equivalent to showing that y, is
H-invariant. Let
D={A€B: py(h(A)) = pz(A) forall h € H}

be the family of H-invariant Borel subsets of X. The set D is a A\-system. By item (iv) in the choice of Z
and H-invariance of C, we have C C D. Dynkin’s 7-A Theorem ensures that the o-algebra generated by C is
a subset of D, thus D = B and p,, is E-invariant. O

For the record we now have a complete proof of the Nadkarni’s Theorem.
Corollary 2.8.2. IfE is an incompressible cber, then E admits a probability invariant measure.

Proof. Since E is incompressible, the set Z above cannot be empty, so there is some x € Z, and p,, is then a
probability E-invariant measure. O
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2.9 Ergodic decomposition

In this section we derive existence of an ergodic decomposition for any (aperiodic) cber E. This result is
originally due to Veeravalli S. Varadarajan [Var63|.

For an incompressible cber E, we have selected an E-invariant Borel subset Z C X such that X \ Z is
compressible, and to each x € Z there corresponds an E-invariant Borel probability measure p, on X. We
have also picked an H -invariant countable algebra of sets C which generates the o-algebra of Borel sets. By
construction p,(C') = m(C, z) for all x € Z and all C' € C. Two comments are in order.

One observation is that while we have 1, (C) = m(C,z) forall z € Z and all C' € C, we also have
tz(A) = m(A, x) mod 77 for any Borel A C X. Here is one way to see it. By refining the topology on X,
we may pick a countable algebra C’ which contains C, A € C’, and C’ is an H-invariant clopen basis for a
zero-dimensional topology on X. We can run the construction from Section with respect to C’ and get a
subset Z' C X, such that X \ Z’ is compressible, and an assignment Z' > x — u!, € INV(E). Since we we
have ., (C) = pl,(C) forall C € Cand all x € Z N Z’, Carathédory’s Uniqueness Theorem (or just CUT for
short) implies that i, = p, forallz € ZN Z’, but ! (A) = m(A,z) forall x € Z’, thus p,(A) = m(A, x)
mod 7.

Another convenient fact is that there is no loss in assuming that Z = X (provided Z is non-empty, of
course). For we may pick xg € Z and set p, = puy, forallz € X \ Z.

Lemma 2.9.1. The assignment X > x — pu, € INV(E) satisfies the following properties.
1. The map x — . (A) is Borel for any Borel A C X.
2. pg = py whenever xEy.
3. Forany x € X the set Sy = {y € X : iz = py} is E-invariant and Borel.
4. If Z C X is given by Z = {z € X : py(Sy) =1}, then X \ Z is compressible.
5. Each measure L, T € Z, is ergodic.
6. The map Z - EINV(E) is surjective, i.e., any ergodic measure appears as [i, for some x € Z.

7. Forall x € Z the measure W 1S the unique ergodic invariant probability measure for the restriction
of E onto S,;.

Proof. (1)) Let D denote the set of Borel subsets A C X for which that map « — p(A) is Borel. Countable
additivity of measures implies that D is necessarily a A\-system. By Theorem pz(C) = m(C, z) for all
C € C, and therefore item (T]) of Proposition [2.6.2]implies that C C D. By Dynkin’s -\ Theorem, B C D,
as claimed.

Since . (C) = py, (C) for all C' € C whenever x Ey, one has p, = u,, by CUT.
y Y
The set S, is E-invariant b . Let for C € C the set S, ¢ be given b
y , g y

Sec={y € X : p(C) = ny (O)}.
By CUT S, = (¢ec Sz,c- Each S, ¢ is Borel, for
Sa:,C = {y €X: m(a:,C) - m(y,C)},

and Proposition [2.6.2((T)).
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(@) In the notation above it is enough to prove that 1, (S, ) = 1 mod JZ. Define forn € N

Seon ={y € X - [C/F)(y) = [C/Fa](y)}-

If [Cle = L,enufoo} @n is the decomposition associated with [C'/ Fy,], then

S om = {(X\[C]E)UQO ifn=0

Qn otherwise.

In particular, S ¢, is Borel. Note also that ("),, Sy .c.n € Sz,c. For each C' and n there are only countably
many sets of the form S, ¢, and S, ¢, = Sy,c,n Whenver y € S; ¢ . So it is enough to show that for each
S of the form Sz, one has ,ux(g ) = 1 mod 7 for x € S. This follows from the fact that S is E-invariant,
som(S,z) = 1forall z € S, and also y,(S) = m(S, x) mod 7.

@) Let Y C X be invariant. We need to show that for any z¢ € Z either j1,,(Y) = 0 or piz,(Y) = 1. We
know that m(Y, z) € {0,1} forall x € X, and also . (Y) = m(Y, z) mod 7. Since S,, is incompressible
(because i, is an invariant measure on Sy, ), there must exist some yo € Sy, such that ji,, (Y) =m(Y,yo),
whence fiz,(Y) = py, (Y) € {0, 1}.

(6) Let v be an invariant ergodic probability measure on X . First we claim that for any C' € C the set
Syo={ze X :p(C)=v(0)}

is v-full. Recall that for any invariant measure and any invariant set Y C X we have v(F, NY) = 27"v(Y).
Pick € > 0 and my so large that 27 < e. Let Q,, n € N U {00}, be the decomposition associated with
[C/F,). By ergodicity of v either v(X \ [C]g) = 1 or v(Q,,) = 1 for exactly one n € N (n = oo is excluded,
since Qoo is compressible). Suppose v(Q,,) = 1 for some ny € N. In this case C' =~ noF,,, and so

v(C) =v(C'NQny) € [27™n9,27™(ng + 1)].
Also

1z (C N Qng) € [27™n04a(Qng), 270 (no + 1) 112(Qny )] forall z € X.
Finally, since 1i;(Qn,) = 1 mod S for z € @y, we get that for v-almost all x € X

V(C) = pe(C)] <27™ <e.

The above analysis was done under the assumption that v(Qy,,) = 1 forsome ng € N. If v(X \ [Cg) = 1,
then v(C') = 0, and also p,(X \ [C]g) = 1 mod S for x € X \ [C]g, so p,(C) = 0 for v-almost all z € X.
This shows that (.S, ) = 1, and therefore also

1/( ﬂ S,,C).

ceC

Since this intersection is incompressible, we may pick zg € Z N Ncee Sv,c- Since 1., (C) = v(C) for all
C € C, Carathéodory’s Uniqueness Theorem ensures that fi,, = v.

(7) Pick some z € Z and let v be an ergodic invariant probability measure on S;. By item (6)) there is some
z € Z suchthat u, = v. Since p1,(S,) = 1, the intersection S, NS, is non-empty; whence i, = p, = v. 0O

Following an earlier remark, we may redefine the assignment = +— p, on X \ Z by picking zy € Z and
setting (i, = fi, forall z, € X \ Z. With this twist Lemma can be summarized into the following very
important Ergodic Decomposition Theorem
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Theorem 2.9.2. Let E be an aperiodic incompressible cber on X. There exists an ergodic decomposition: a
Borel surjection X > x — u, € EINV(X) such that

(i) pe = puy whenever xEy.

(ii) Forall x € X the set {y € X gy = uy} is Borel, ux({y € Xy = uy}) =1, and py is the
unique ergodic invariant probability measure on this set.

Moreover, such a decomposition is unique up to a compressible set: if © — !, is another ergodic decompo-
sition, then {x € Xy # ,u;} is compressible.

Proof. Existence of ergodic decomposition follows from Lemma [2.9.1] and the remark after it. To check
uniqueness let Z = {z € X : p, # pl }, and note that Z is Borel and E-invariant. Suppose it is incompress-
ible. By Nadkarni’s Theorem there must be an invariant ergodic measure v on Z. Since x — i, and 2 — pl,
are surjections, there must be some x1, 2 € X such that i, = v = pi,,. Since jiz, (Sz,) = 1 = i, (S%, )
where

le = {HTGX:UZ’ :Mxl}a

Sp, = {7 € X 1 pify = 41y, },
there is some y € Sy, N Z NS}, . But this means that y1,, = pi,, = v = i}, = iy, contradicting the definition
of Z. O

Let v be any (not necessarily invariant) probability measure on X. For a Borel set A C X define (A)
by the formula

p(4) = /X o A) d ().

It is easy to check that  is an E-invariant probability measure on X . Additivity for & follows from Tonelli’s
Theorem.

Proposition 2.9.3. Let v be a probability measure on X. The measure v is E-invariant if and only if v = .

Proof. Sufficiency comes from the fact that © is E-invariant. So, suppose v is E-invariant, we show that

1/:/ e dU.
X

By Theorem [2.5.5] it is enough to check that v(Y) = £(Y") holds for all invariant Y C X. Since all y, are
ergodic,

DY) = y({az € Xt pu(Y) = 1}).

But {z : py(Y) =1} =Y mod 57, so 0(Y) = v(Y). O
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Exercises

Exercise 2.1. Let E be a cber on X, let A C X be an E-compressible set, and let B C A. Show that if
BN [z]g = AN [z]g forall z € B, then B is also compressible.

Exercise 2.2. Show that ¢ is a Borel ideal for any cber E. In other words show that
e if A € 7# and B C A is Borel, then B € J7;
o if A, € #,n € N, thenl], A, € .

Exercise 2.3. Show that if [A]g = [B]g and both A and B are compressible, then A ~ B.
Exercise 2.4. Show that A < A if and only if the set A is compressible.

Exercise 2.5. Let Ebe acberon X. Let us say that a subset A of X is syndetic if there are n € N and elements
fi € [E]. 1 <i < n,such that A C dom(f;) and X = [J;_; fi(A). Show that E is compressible if and only
if A ~ B for all syndetic subsets A, B C X.

Exercise 2.6. Let E be a cber on X. Show that E is compressible if and only if there is an aperiodic smooth
equivalence relation E' on X such that E' C E,ie., zE'y = zEyforall z,y € X.

Exercise 2.7. Give a proof of item (ix) from Proposition [2.4.1]

[A/Fn)(z)

Exercise 2.8. Complete the proof of Lemma|2.6.1|by showing that lim,, (B/F]()

non-zero mod JZ.

Exercise 2.9. Let Ebe a cber on X, and let A, B C X be such that ¥(A) < ¢(B) forall ¢ € EINV(E). Show
that there exists f € [E] such that f(A) C f(B) mod /7, i.e., there is a co-compressible invariant set Y C X
such that f(ANY) C f(BNY).

Show that if J(A) = J(B) for all 9 € EINV(E), then there is f € [E] such that f(A) = f(B) mod JZ.

for z € [AJe N [Blg is




Chapter 3

Hyperfinite equivalence relations

3.1 Hyperfinite relations arise from Z actions

This chapter is devoted to hyperfinite relations. Most of the results are from [DJK94]. Recall that a Borel
equivalence relation is finite, or just fber for short, if every equivalence class if finite.

Definition 3.1.1. A cber E on X is said to be hyperfinite if it can be written as an increasing union of finite
equivalence relations, i.e., if there exist finite Borel equivalence relations F,, on X such that F, C F,,; and

E=U, Fn.

Note that the condition for the union in the definition of hyperfiniteness to be increasing is crucial, the
notion would trivialize if this condition is dropped. Indeed, by the Feldman-Moore’s Theorem [I.2.3| we can
find a Borel action of a countable group H ~ X such that E = E%, and moreover, we have a countable
family of elements h,, € H each having order at most 2 such that tEy <= x = y or h,x = y for some n.
Set F,, = {(z,y) : hnz = y} U A. Since each h,, has order two, F is a Borel equivalence relation with each
class having size at most two; and also E = Un Fy. So, any cber is a union of finite relations, but as we shall
see later, only very special cbers are increasing unions of fbers.

Example 3.1.2. Equivalence relation Eg, which served us well so far, is hyperfinite. Indeed, if we set F,, on
2N by declaring that 2 F,, 3y whenever 2(k) = y(k) for all k > n, then F,, is a finite equivalence relation and

Eo =U, Fn-

The tail equivalence relation E; is also hyperfinite, though this is less obvious. Details of the argument
are postponed to Corollary [3.3.5]

An example of a non-hyperfinite cber is given by the Bernoulli shift of a non-abelian free group Fj, ~ 2%,
The reason why such an action is not hyperfinite is best explained involving the notion of amenability, and is
postponed to the next chapter.

Proposition 3.1.3. Let E be a cber on X. The following are equivalent.
(i) E is hyperfinite.

(ii) E = Un Fn, where F,, are finite Borel equivalence relations on X, F,, C Fy,1, and each F,-class has
size at most n.

(iii) E = Un E™, where each E" is a smooth cber on X and the union is increasing: E™ C Entl,

(iv) There is a Borel action of Z on X such that E = E%.

41
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Proof. (i) = Suppose E = | J°7, F,, is hyperfinite, and the union is increasing. We may assume that

n=1

F1 = A. Foreachn andn > k > 1 we set

XP = {x e X \|JXi: |[«lr, | gn}.
i=k+1

In words, X} consists of the points € X whose F,,-equivalence class has size at most n; X', collects
those points whose F,,-class is bigger than n, but whose F,,_;-class has size at most n, etc. We may now set

P = Pl xa UF”‘l‘X;Ll U-~~UF1|X{1.

It is easy to check that E = [ J;7 ; F},, the union is increasing, and each F/,-class has size at most n.

= Is immediate from Proposition[1.4.4]

= Let us first suppose that E itself is smooth. Pick a countable group H ~ X acting on X such
that E = E{, H = {h, : n € N}, and let s : X — X be a Borel selector for E. We may show that E is
hyperfinite by defining

aFny whenever (z=y)or (s(z) = s(y) and hys(x) = z, hps(y) = y for some k,m < n).

In a more verbose fashion, all F,-classes consist of a single point except for the classes “around” the transversal
points s(X'), which consist of elements {h;s(z) : k < n}. As n growth, classes around the transversal grow
and eventually exhaust all of E, thus showing that E is hyperfinite.

Now back to the general situation. Suppose E = [ J,, E" is represented as an increasing union of smooth
equivalence relations, let H" ~ X be countable group actions such that E® = E{", H" = {h} : k € N},
and let s, : X — X be a Borel selector for E™. There is no loss in generality to assume that E° = A is the
trivial equivalence relation. We define F,, on X by setting

2Fny <= 3Im < nsuchthatz E™ y and (3ko, . .., ky < n such that hgosoh,ﬁlsl - B sp(x) = 2) and
(3o, ..., Ln < n such that b sohf s1 -+ hi" s (y) = y).

In a more verbose fashion, equivalence relation F,, can be explained as follows. Since E is assumed to be
the trivial equivalence relation, m = 0 in the definition of F,, corresponds to x = y, so A C F,,. Let us
take m = 1 next. This corresponds to the structure of equivalence classes described at the beginning of
this argument under the assumption that E is smooth. More precisely, consult Figure where each line
corresponds to an E!-class, and black dots represent the transversal given by s1, i.e., points 2 € X such that
s1(x) = 2. Form = 1 points z and y are F,,-equivalent if they lie in the same E!-class, so s1(x) = s1(y), and
they are “n-around s(x)” in the sense that there are hj, , h} € H' such thatz = hy s(x) and y = h] s(x).
In Figure [3.1] this corresponds to a thin rectangle around each dot. If n = 1, this completes the description
of F1.

When n > 2, points within each rectangle are Fi-equivalent, but taking m = 2 we see that some
rectangles fall into a single F;-class. Each block of lines in Figure represents an E2-class, and a hollow
circle in each block corresponds to the transversal picked by s, i.e., a point z € X such that sg(x) = z. We
now look at points n-around each such z, i.e., points of the form h2s(z) for k < n; this is depicted by dashed
rectangles around hollow discs. We want to put points in a dashed rectangle into a single F,,-class, but this
could violate the condition F,,_; C F,,, we need to ensure that each F,,-class is a union of F,,_1-classes. So
instead of taking points in dashed rectangles, we take the points in the thin rectangles within orbits “n-around”
discs. In other words, to each z in a dashed rectangle we apply s1, which brings us to a black dot within the
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Figure 3.1: Increasing union of smooth cbers is hyperfinite.

same orbit. The dot may be inside or outside the dashed rectangle. We take all the thin rectangles around
such dots and glue them into a single F1-class. In the top-right E2-class in Figure thin rectangles that are
glued together are depicted in darker gray.

If n = 2, this concludes the description of Fy. If n > 3, then we continue gluing some of the equivalence
classes as prescribed by s,,, for 3 < m < n. For example, Figure shows a single E3-class, and the asterisk
in the bottom-left E2-class corresponds to the fixed point of s3. We first look at the points that are “n-around”
the asterisk in E?, i.e., we consider points of the form h3s3(z), k& < n, depicted by the dotted rectangle.
Again, we can’t make this points into a single F3-class as this may violate the condition for the union to be
increasing, so instead we look which E2-classes are spanned by the dotted rectangle, from each such class
pick the Fo-class constructed up to this point and glue them into a single Fs-class. The union of lighter gray
rectangles in the two bottom E2-classes in Figure [3.1|constitutes a single F3-class.

It is evident from the explanation above that each F,, is a finite Borel equivalence relation, they form an
increasing sequence F,, C F,,41, and cover all of E, E = | J,, F,, thus witnessing its hyperfiniteness.

= Let Z act in a Borel way on X, put E = E£, and let T : X — X be the generator of the action,
i.e., zEy if and only if 7"z = y for some n € Z. By Proposition[1.4.2] we may decompose X in a periodic
part and an aperiodic part, and since any finite cber is evidently hyperfinite, we may assume without loss of
generality that E is aperiodic, i.e., the action Z ~ X is free. By Proposition there exists a vanishing
marker sequence S, C X, n € N.

In geometric terms, .S, selects a subset of points from each orbit of 7. On some orbits there can be a
left-most point or a right-most point. In other words, let

D ={z €S, :T'x & Syforalln <0} and D} = {x € S, : T"x ¢ S, forall n > 0}.

The sets D}, D) pick at most one point from each orbit, so the restriction of E onto [UH(DZ” U DZP)} c is

smooth. Since we already know what to do with smooth pieces, one may assume that for each n € N and
each z € S,, there are | < 0 < 7 such that T'z € S, and T"z € S,,, which means that each S,, partitions
every orbit of 7" into finite intervals. We may therefore define functions

lh, : X =N
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by setting
ly(z) = min{l € N : T 'z e Sn}.

These functions are Borel and we may define F,, by

zFpy <= zEyandl,(z) = ,(y).
In words, x F,, y whenever x and y belong to the same intervals or the partition of [x]g as determined by S,,.
Since Sy, 2 Sy41, we have F,, C F, 11, and () S,, = @ ensures that E = | J,, F,,.

= It remains to show that any hyperfinite equivalence relation is given by an action of Z. We are
going to build the action by constructing the graph for its generator. Let E = [ J,, F,, be represented as an
increasing union of finite equivalence relations. We construct a subset G C X x X as follows. The space X
can be endowed with a Borel linear ordering, i.e., one may assume that X = [0, 1]. Let m,, : X — X and
M, : X — X be the functions that select the minimal point and the maximal point from the F,,-equivalence
class of its argument:

mp(z) = min{y € [z]g,} and M, (z) = max{y € [z]¢, }.
These functions are Borel. Let <, be a quasi-order given by = =<,, y whenever m,_1(x) < m,_1(y). Set
Go = {(z,y) € Fo : y is the successor of z within [z]F, }.

Every y € X which is not the minimal element of its Fo-class occurs in a unique pair (x,y) € G for some
x; also every x € X which is not a maximal element of its Fo-class occurs in a unique pair of the form (x, y)
for some y.

We now enlarge G to G by setting

G1=GoU{(z,y) € F1 : & = My(z), y = mo(z), and y is a <;-successor of z in [z]f, }.

Note that now every y € X which is not the <;-minimal element of its F;-class occurs in a unique pair
(x,y) € Gy for some z; similarly for not <;-maximal elements. The construction is continued in a similar
fashion — we define

Go =G U {(x,y) € Fo: 2= Mi(x), y=mi(z), and y is a <-successor of z in [x]FQ}.
Set G = |J,, Gn, and let

Zm={x€ X :(y,x) ¢ Gforany y € X such that zEy},
Zyu={y€X:(y,x) ¢ Gforany z € X suchthat zEy}.

Sets Z,,, and Z,; intersect every E-class in at most one point and so E‘[ is smooth. The restriction

ZmUZ e
of G onto X \ [Z,,, U Zp/]E is a graph of a Borel bijection, say

T:X\[ZmUZM]E%X\[ZmUZM]E.

Since [Z,, U Z/]g is smooth, it is easy to extend 7" to an automorphism 7" : X — X such that the action
Z ~ X given by T generates E. O

Example 3.1.4. Consider the equivalence relation Ey; on R, called the Virali equivalence relation, given by
xEyy whenever x — y € Q. Clearly Ey is a cber. Using item of Proposition [3.1.3|it is easy to show that
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Ev is hyperfinite (Exercise [3.3)). Note that Ey is just the orbit equivalence relation of the (free) action of Q
by translations on R.

Another interesting example arises if we consider a multiplicative action of Q. More precisely, let Q* =
{q € Q : ¢ > 0} be the multiplicative group of positive rationals and let it act on R>? by multiplication. We
may define the Pythagorean equivalence relation Ep to be the orbit equivalence relation of this action: zEpy
if and only if 2/y € Q. Pythagorean relation is also hyperfinite, but despite looking superficially similar to
the Vitali equivalence relation showing its hyperfiniteness is much harder. This result is due to Su Gao and
Steve Jackson [GJI15], we shall prove it in the following chapter.

3.2 Generators

Definition 3.2.1. Let H ~ X be an action of a countable group on a standard Borel space X. A countable
Borel partition P = {P; : ¢ € N} is said to be a countable generator for H ~ X if for all distinct z,y € X
there exists h € H and i € N such that hx € P; and hy ¢ P;.

Remark 3.2.2. Given any countable Borel partition, we can define a map ¢ : X — N¥ by setting ¢(z)(h) to
be the unique 7 € N such that A~ 'x € P;. This map is an equivariant homomorphism into the shift action on
N, i.e., ((hx) = h¢(h) forall z € X and h € H. A partition P is a countable generator if and only if the
corresponding map ¢ : X — N¥ is an embedding.

For the rest of this section we work with free Borel actions of Z on a standard Borel space X. The
automorphism of X which corresponds to 1 € Z under this action will be denoted by T". We also let E = E§(
to denote the orbit equivalence of Z ~ X.

Definition 3.2.3. A Borel set A C X is recurrent if for all z € A there are m < 0 < n such that Tz € A
and Tz € A. In other words, A is recurrent if its intersection with any orbit of T is either empty or bi-infinite.

Our first observation is that for any Borel A C X there is a subset A’ C A such that A’ is recurrent and
A\ A’ is smooth. Indeed, if the intersection A N [z]g fails to be bi-infinite, then it either has the largest or
the smallest element in the ordering inherited from Z (recall that the action Z ~ X is free). Therefore we
may pick these endpoints in a Borel fashion by setting

A={zcA: Tz ¢ Aforalln >1}U{z € A: Tz & Aforalln < —1}.

The set A intersects every orbit of 7" in at most two points, and therefore is smooth; whence so is its saturation
[A]g. One may set A’ = A\ [A]g for the required recurrent subset. We have used the same idea earlier in the
proof of the implication (iv) = (i) in Proposition[3.1.3]

Importance of recurrent sets lies in the idea of the induced transformation. If A C X is recurrent we
define the first return time map t4 : X — N by

ta(x) =min{k > 1:TFz € A}.

The induced automorphism Ty : A — A is the map Ty(z) = T*4(*)z. Recurrency of A ensures that ¢ (z)
is defined for any x, and is also responsible for surjectivity of T4. Checking that T4 is a Borel bijection is
easy and is left for Exercise[3.4]

With any recurrent set we also associate the canonical return time partition Ry = {R,, : n > 1} of A,
A =2 Ry, givenby R, = t,'(n) N A. This partition of A gives rise to the partition of [A]g once we
add sets of the form TV Ry, for all K > 1 and all 0 < j < k. This partition is called the Kakutani—Rokhlin
partition and it gives the following graphical representation of the automorphism 7" : [A]g — [A]g depicted

in Figure[3.2]
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Figure 3.2: Kakutani—Rokhlin partition of X.

The base of the partition consists of the set A = | |, R;. Whithin a tower on top of some Ry, the
automorphism acts by lifting a point by one level. The top of each tower is mapped to the base, i.e., if
x € TF"'Ry, then T}, € R,, for some n > 1; note also that the value of n is typically different for different
S Tkile.

Lemma 3.24. Let P = { P\, ..., Py} be afinite partition of X and let A C X be an E-complete recurrent
subset of X. There exists a countable Borel partition A = | |, A, such that each atom of P is a disjoint
union of translates of Ap: Py, = | |7_; TWAJ-m for some i, €N, 5, € N.

Proof. We start with the Kakutani—Rokhlin partition associated with A. Since A is assumed to be E-complete,
i.e., [A]Jg = X, one has a partition of the whole phase space.

Figure 3.3: Refining a tower of the Kakutani—Rokhlin partition.

Take the common refinement of the Kakurani—Rokhlin partition and P, transfer the atoms of this partition
to the base, and take the partition of the base they generate. Figure [3.3]shows a refinement of one Kakutani—
Rokhlin tower. It is clear that the resulting partition of the base A satisfies the conclusion of the lemma. [

Theorem 3.2.5. Any aperiodic automorphism of a standard Borel space admits a countable generator.

Proof. By the proof of Lemma we can find a Borel partition of X = | |, F}, into E-complete sets. By
perturbing these sets on a smooth piece we may furthermore assume that all F, are recurrent. We may now
select a countable family of Borel subset B,, C X which separate points: for each z,y € X thereisn € N
such that x € By, and y & B,,. Let P, be the partition of X into B, and X \ B,,. To a set F and partition
‘P, we apply Lemma to find a partition F), = | |,y fl? This results in a partition of X

=L
neNieN

which we may reenumerate as X = | |,y A7'. By construction for each B,, there are sequences of natural
numbers (i), (ji) such that B,, = | |,, 7" A;, . This partition is therefore a countable generator for the action,
because the family {B,, : n € N} separates points. O

In view of Remark [3.2.2] Theorem [3.2.5] implies that any aperiodic action Z ~ X is isomorphic to a
restriction of the shift Z ~ N# onto an invariant subset. In particular, any aperiodic hyperfinite cber is
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isomorphic to the restriction of Eﬁz onto an invariant subset, but it is worth stressing that the latter is a much
weaker statement.

3.3 Bi-embeddability

We have shown in Intermezzo[[|that Ej can be embedded into any non-smooth cber. The goal of this section is
to prove for hyperfinite relations a converse to this. We are going to show that any hyperfinite relation can be
embedded into Eq. This result is originally due to Randall Dougherty, Steve Jackson, and Alexander Kechris
[DJK94].

It is helpful to take a slightly different perspective on Eg. Recall that x Eyy holds whenever z(k) = y(k)
for all sufficiently large £ € N. The fact that N has a natural linear ordering on it is irrelevamﬂ for the definition
of Eg, as it can be equivalently described by saying that x Eqy whenever the set {i : (i) # y(i)} is finite. A
binary sequence = € 2N can be identified with the subset {i € N : (i) = 1}. With this in mind, E is a cber
on the family of all subsets of N where two subsets A, B C N are Eg equivalent if and only if the symmetric
difference A A B is finite.

For any countable set A we let Eq(A) to denote a cber on AN given by 2 Eq(A) v if and only if the set
{i € N : 2(i) # y(i)} is finite. The discussion above shows that E is the same as Eq(2) in this notation.
Our first lemma shows that Eq(A) can be embedded into E((2) for any countable A.

Lemma 3.3.1. For any countable set A one has Eo(A) C Eo(2).

Proof. Any z € AN is a function N — A. Note that 2 Eq(A) y if and only if graph(z) A graph(y) is finite.
The map z +— graph(z) is therefore an embedding Eo(A) into E on 2N*4 given by z; E 2, whenever the set
of i € N x A such that z; (i) # 2o(4) is finite (we identify sequences in 2N*4 with subsets of N x A). Since
N x A is countable, E is clearly isomorphic to Eq(2). O

Lemma 3.3.2. Let E be the orbit equivalence relation induced by the shift action on N%,i.e., E := Eﬁz.
There exists an E-invariant Borel subset Y C N# such that N \ 'Y is smooth and E|y C E,.

Proof. Let N<N denote the set of all finite sequences of natural numbers. We endow this set with the lexico-
graphical ordering. More formally, given 2,y € N<N we set

z <y <= (z(i) = y(i) for all i < min{|z|,|y|} and |z| < |y]) or
(2(7) < y(j) where j = min{i : a(i) # y(i)})-

Note that this ordering induces a well-ordering on N™ for each n € N. Given 2 € N4 and v € N<N we say
that w occurs in z at k € Z if x(k + 1) = u(i) for all 0 < ¢ < |u|; we say that u occurs in z if it occurs in x
at some k. One says that u occurs bi-infinitely often in z if the set of k € Z such that u occurs in x at k is
unbounded both from below and from above.

Our first obseration is than for any u € N<N the set of # € NZ in which u occurs at some k& € Z but
does not occur bi-infinitely often is smooth. This is because a transversal for the restricion of E onto such
set can be obtained by picking those x where the smallest/largest occurance takes place at k£ = 0. Since the
conclusion of the lemma is claimed to hold only up to a smooth set, we may concentrate on the set Z; of
those = where each u € N<# either does not occur at all or occurs bi-infinitely often.

Let f,, : Z1 — N* C N<N be the function that assigns to x € Z; the smallest u € N™ which occurs in
x. A direct inspection of the definition shows that f,, is Borel. Observe that f,,(z) = f,,(y) whenever zEy
and note that f,,;1(z)|,, = fn(x) for all z € Z;. We may therefore define a function f : Z; — NN to be the

"Note that the linear order on N is important for the definition of E.
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limit of f,,(x), i.e., f(z)|, = fn(x) for all n € N. Employing the same idea as before, we note that the set of
T € Z1, where
{keZ:z(k+1i)= f(z)()foralli € N}

is non-empty and bounded from below, is smooth, as a transversal is given by
{z € Z:2(i) = f(x)(i) forall i € N and for all k < 0 there is i € N such that z(k + i) # f(z)(7) }.

We may therefore neglect it, and set Z to consist of those x € Z; for which either f(x) does not occur in z,
or the set of points where it occurs in x is unbounded from below.

One last reduction comes from the observation that if the set of & € Z such that f(z) occurs in x at k
is unbounded from below, then x is periodic. By Proposition the restriction of E onto finite orbits is
smooth, so we may finally put Y to be the set of all z € Z5 such that f(z) does not occur in . The set N%\ Y
is smooth, and Y is E-invariant. We are going to construct an embedding E|y C E (N<N). By Lemmam
this is enough to imply E|y C Ey.

Given a sequence x € Y we construct sequences 7,(z) € N<N, n € N, as follows. Start with k§ = 0
and set

. _ Jsmallest k > 0 such that f,,1(z) occurs at k  if n is even,
i largest k& < 0 such that f,,11(x) occurs at k if n is odd.

Note that
kg S ko <o SKP <k <O<KY <kF <o <kgq <kgq <o

because f,,y1(x) extends f,(z), and k5, — —o0, k3, ; — oo asn — oo for each x € Y, because f(x)
does not occur in . Define
T if n is odd
_ | [kfurv kﬁ} ’
rn(z) = e
if n is even.

fha he ]

Direct inspection shows that the map x ~ 7,,() is Borel, and we may therefore define £ : Y — (N<N)N by

setting £(x)(n) = 7, (z). Note that r,, 1 () is of the form u™r,(z) for some u € N<N when n is even, and

it is of the form 7, (z) " u, when n is odd. Note also that ro(z) = [0, k{]. This implies that £ is injective.
ra(z)

ki k3 ko rolx) kY k3

r1(z)

r3(x)

Figure 3.4: Spiral structure of segments of x cut by 7.

We claim that z Ey if and only if r,,(z) = 7, (y) for all sufficiently large n. In other words, we claim that
¢ witnesses E|y C Eq(N<N). Pick ,y € Y such that zEy. Let m € Z be such that z:(m + 1) = y(i) for all
i € Z. By changing the roles of = and y we may assume that m € N. Pick N so large that k3. k3§, < —m
and k3, , 1, k5, > mforalln > N. One has to have ki = kj + m for all p > 2N. Indeed, suppose for
instance p = 2n for some n > N. By the definition of k§ we know that fa,(y) occurs in y at ky < —m.
Since fa,(y) = fan(x), and since x(m + i) = y(4), we see that fo,(x) occurs in x at kY, + m which is
still below 0. As according to the definition k3, is supposed to be the largest negative index at which fa,,(x)
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occurs in z, we get k3, > k3 -+ m. Similarly, fo,(y) occurs in y at k3, — m < 0, and therefore by the

definition of kY we obtain k3 > k% — m. These two inequalities imply k3 + m = k%, . The argument
for showing k3, = kS, 1 +mforn > N is completely analogous. We have shown that z Ey implies
rn(z) = 1 (y) for all large enough n.

For the other direction suppose that r,(x) = r,(y) for all n > N. We may assume N is even, and let
m € N be such that k% + m = k¥%. Let also u,,(z) € N<N be such that

() Un(x) " rp(z) if nis even,
T €Tr) =
m () "up(z) if nis odd.

Sequences u, (y) are defined similarly. Since 7, (z) = r,(y) for all n > N, one has u, (z) = u,(y) for all
n > N. By the choice of m we have

x(i+m) =y(i) forallie [kY, kX 1]

Since uy,(z) = uy(y) forall n > N, it is easy to check that z(i + m) = y(i) is true for all ¢ € Z, thus
zEy. O

Theorem 3.3.3. Any hyperfinite cber E embeds into E.

Proof. We have shown that every aperiodic hyperfinite E can be (invariantly) embedded into Eﬁz on NZ.
Recall that by Proposition [[.4.4]the periodic part of any cber is smooth. In Lemma 3.3.2] we have shown that
Eﬁz |y C Eq for some invariant subset Y C NZ such that N4 \ Y is smooth.

Let Eg x 2 be a cber on 2V x {0, 1} which makes (z, ) equivalent to (y, 3) if and only if 2Eqy and
o = 3. We first observe that Eg x 2 C Eg as witnessed by the map 2N x 2 5 (z, ) — ((x, o) € 2N,

xz(n/2) if niseven,

« otherwise.

(2, @) (n) = {

To prove the argument it is therefore enough to show that any smooth cber can be embedded into Eg. This is
requested in Exercise[3.2] O

Let E¢(N) be the “tail equivalence relation on N”, i.e., for 2,y € NN one has z E;(N) y whenever there
are ki, ko € N such that (k1 + m) = y(ks + m) for all m € N.

Theorem 3.3.4. The cber E¢(N) is hyperfinite.

Proof. We first show that E¢(N) C Eg(N). In the spirit of the proof of Theorem we pick a linear
ordering on | J,, N that extends the lexicographical ordering on N" and satisfies s < t for any ¢ that extends
5. For z € NN let uZ € N™ be the minimal word that occurs in z infinitely often, and let k% € N be the place
of the first occurrence of uy. in x. Set kj = 0. Similarly to the proof of Theorem one shows that the set
of - where k¥ 4 0o as n — oo is smooth. So we may restrict our attention to the subset Z C NN of those
for which k¥ — oo asn — oo.
Pick a bijection (-) : | J,,N® — N. Forn > 1 and z € Z let
= {2l ag-n)-

Consider now the map g : Z — NN given by g(x) = (r¥,7%,...). Itis easy to check that g is injective Borel
reduction witnessing E¢(N) C Eo(N). By Lemma|3.3.1] this implies E;(N) C Eo. O

Corollary 3.3.5. The tail equivalence relation E. is hyperfinite.
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Proof. This is immediate from Theorem [3.3.4] since E; C E¢(N). O

Theorem 3.3.6. Up to an isomorphism tail equivalence relation Ey is the unique non-smooth compressible
hyperfinite Borel equivalence relation.

Proof. Let E be a non-smooth compressible hyperfinite Borel equivalence relation on a standard Borel space
X. By Theorem E can be embedded into Ey, i.e., there is a Borel A C 2N such that E¢| 4 is isomorphic
to E. But by Proposition E¢| is isomorphic to E¢|(4.. The conclusion is that E is isomorphic to a
restriction of E; onto an invariant subsets, and similarly E; is isomorhic to a restriction of E onto an invariant
subset of X. The Schroder—Bernstein construction presents an isomorphism between E; and E. O

3.4 Rokhlin’s Lemma

Lemma 3.4.1. Let T be an aperiodic Borel automorphism of a standard Borel space X. There exists a
recurrent complete Borel subset A C X suchthat TAN A = &.

Proof. We apply Proposition and pick a subset F' C X such that F' ~ X \ F. By changing F on a
smooth set if necessary, we may assume that both /' and X \ F' are recurrent. This means that for any = € F’
there arek; < 0 < ko and m; < 0 < msq such that T*ig ¢ Fand T™ix € F. Set

A={recF:T 'z ¢F}.
It is easy to see that A is a recurrent complete set and 7'A N A = @ by construction. O

Lemma 3.4.2. Let T be an aperiodic Borel automorphism of a standard Borel space X. For anyn > 1 there
exists a Borel complete recurrent subset A C X such that T"ANA = @ forall1 <i < n.

Proof. Let Ay C X by obtained by applying Lemma Since A; is recurrent, we may consider the
induced map 74, and apply the same lemma to 74, producing a complete recurrent Borel A C A; such that
T4, A2 N Ay = @. Tt s straightforward to check that A, is also a complete recurrent subset with respect to 7°
and TP ANA=goforl <i<S3. Repeating the same construction, we get a nested A,, 11 C A, sequence of
complete recurrent Borel sets such that 7°A,, N A,, = @ for all 1 < i < 2". The lemma follows. ]

Theorem 3.4.3 (Rokhlin’s Lemma). Let T : X — X be an aperiodic automorphism. For any ¢ > 0 and
any n > 1 there is a Borel subset B C X such that B N T'B = G foralll <1< nand

n—1
Y (X \ U TiB) < € for all invariant probability measures ¥ on X.
i=0

Proof. Given n and € > 0 pick N so large that 1/N < e. Lemma guarantees existence of a complete
set AC X suchthat T"ANA=@foralll <i<2Nn. Set

B={TYz:2€A,0<j<[ta(z)/n] —1}.

Note that tg(x) € [n,2n) for all z € B, and also

n—1
X\ U T'B C {zj cx € Aandta(z) —2n < j <ta(z)} =Y.
i=0
Since T?YY NY = @ forall 1 < j < 2Nn/2n = N, we conclude that 9(Y') < 1/N < ¢ for all invariant
probability measures ¢} on X. O
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Lemma 3.44. Let T : X — X be an aperiodic automorphism, € € (0,1], n > 1, and let B C X be such
that T'BN B = @ forall1 < i < n and '19(X \ U?:_ol TiB) < € for all pie measures 9 on X. For any
d € (0, €] there exists a subset B' C B such that for all pie measures 9 on X one has

> ﬁ(X\nUlTZ’B’) >e— 4.
=0

Proof. Set a = 1=, 3 = 1/n, and note that ¥(B) € (v, j3] for all pie measures ¥ on X. Pick positive

§" < §/n and observe that for any b > « if r is such that 1 — nrb = ¢, then r € (0, 1] and
1 —nrc€ (e—d,¢] forallce [bb+ d].

Pick an increasing sequence av,,, m = 0, ..., M, such that ag = o, apy = 3, and 11 — vy, < ', Select
an ergodic decomposition  — i, and set for 0 < m < M

Qm = {2 € X : pe(B) € (6, 6mt1] }-

Note that these sets partition X into invariant Borel pieces. For each m let r,,, be such that

_1—6

1—rpndm =¢, ie, Tm € [0,1].

0

We apply Corollary and find a subset B],, C B N @, such that for any pie measure 9 on Q),,, one has
H(BY,) = rm3(B N Q). Since (BN Qm) € (6m, dm+1], we have for all x € Qp,

n—1
i (Qm \ H TiB;n) =1—nrppz(BNQm) € (€ —d,€).

Set B’ = |J,,, B;,,- The construction ensures that

n—1

e (X\ U T’B’) €(e—6,¢) forallz e X.
=0

Since p, exhausts all pie measures on X, the lemma follows. O

Theorem 3.4.5 (Strong Rokhlin’s Lemma). Let T' : X — X be an aperiodic automorphism. For any
€ € (0,1) and any n > 1 there is a recurrent Borel subset B C X such that B N T'B = Dforalll <i<n
and

n—1
19<X \ U T’B) =€ for all pie measures ¥ on X.
i=0

Proof. We begin with an application of Theorem an select a subset A1 C X such that T'A; N Ay = @
for1 <i<mnandd(X \ U?:_Ol T"Ay) < e for all pie measures ¥ on X. Lemmamlets us find a subset

Ay C A; such that 9(X \ U?;ol T'Ay) € (€ —1/2,¢) for all pie measures ¥ on X. Applying Lemmam
again we find Ay C Aj such that 9(X \ U2y T7As) € (e — 1/4,¢), and construct inductively a nested
sequence A, 1 C Ay, such that 9 (X \ Ut T'Ap,) € (e—27™,¢) forall . The set B = [, Ay, clearly
works, except that B may not be recurrent; by altering B on a smooth set, we can make B recurrent. O
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3.5 Von Neumann automorphisms

Definition 3.5.1. An ordered partition of a set X is atuple P = (D1,...,D,) such that X = | |, D;. In
plain words, it is a partition with a specified order on its pieces. The first element D will be called the base
of P, and D,, will be referred to as the top of P. An ordered partition is said to be dyadic if the number of
its pieces is a power of 2.

Let E be a cber on X. A partial von Neumann automorphism on X is a pair (P, ), where P is a dyadic
ordered partition, P = (D1, ..., Don), and £ € [E] is such that

o dom(e) = U7 Dy
o {(D;) =D;yqforalll <i< 2™
We say that a partial von Neumann automorphism (Ps, &2) extends (P1, &) if
e P, refines Pq;
e the base of Ps is a subset of the base of P;;
e & extends &.

An automorphism S : X — X is said to be a weak von Neumann automorphism if there exists a sequence
of partial von Neumann automorphisms (P, &,,), n € N, such that for all n € N

1. P, has 2"-many elements;

2. (Pn-l-l’ §n+1> extends (Pm 5”)’
3. S extends all of &,.

The sequence of partial von Neumann automorphisms (P, ,,) as above will be called an approximating
sequence for S. Since partial automorphisms &, in an approximating sequence are readily reconstructed
from S, we shall sometimes abuse the terminology and refer to the sequence of partitions P,, alone as an
approximating sequence.

A weak von Neumann automorphism S : X — X is said to be a strong von Neumann automorphism if
there exists an approximating sequence (P, ),en such that partitions P, separate points in X: forall z,y € X
there are n € N and D;* — an element of P,, — such that x € D" and y ¢ D}".

Odometer would be the canonical example of a strong von Neumann automorphism. But before dis-
cussing this important example, we would like to make a few simple observations about partial von Neumann
automorphisms. Suppose (Pa, &) extends (P1,£1), and let us assume that [Py | = 27, [Py| = 27T, ie., Py
has twice as many elements as P; does. Since P» has to refine Py, the base D% of Py is a union of some
elements of Po, say

D =D} U---UD;.
According to the definition of extension for partial von Neumann automorphisms, the base D% of Ps has to
be a subset of D%, so we may assume ¢; = 1. Also, as & has to extend &1, one sees that foreach 1 < j < 27
sets D; are partitioned as

Dl = (D) L (D) ue (D) U U el (D).

Since all these sets &' (DZQ, ) = g-1 (Dfl) must be elements of Ps, an since we assume that [Pa| = 2|P;|,

2 and moreover, io = 2"+1,

we may conclude that k = 2, i.e., Po partitions D% into two pieces, D% = D% I_IDZQ,

as & must extend &;.
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Here is a picture that explains the discussion above. If |P2| = |P;], then P is obtained as follows. The
base of P is partitioned into two pieces, D{ = D? LI D3, . 1» this partitions generates partitions of all levels
DZ: via the map &;. This results in the tower P; being split into two sub-towers. The partitions Ps is obtained
by stacking the right sub-tower of P; on top of its left sub-tower as show in Figure

—
—
—

:F' — D3,
——— —

P1 3 — —
— =
—— — D?

Dy | D3y

Figure 3.5: Extension of a partial von Neumann automorphism

To summarize, extension (P2, £2) is uniquely defined by specifying two things: a partition of the base of
P into two pieces D} = D? L1 D2, ;,andamap ¢ : & ~'(D') — D3._,, which specifies how the top
of the left sub-tower is mapped onto the base of the right sub-tower. The converse is also true: any partition
of the base D} = D? U D2, 1 into two equidecomposable pieces, and any map ¢ : Efnfl (Dl) — D3, 115
¢ € [E], give rise to a unique extension (Pz, &2) of (P1,&1).

A similar picture is valid in general, when P> is not necessarily twice the size of P2. Since Py must refine
P11, and since & has to extend 1, it is easy to deduce that [Py = n|P;| for some n € N, and in this case P,
induces a partition of the base of P; into n pieces. This partition, when transferred by &; to each level of Py,
defines a partition of P; into n towers, and P5 is obtained by stacking these towers on top of each other.

Note that if P, partitions the base of P; into four pieces, then we can first consider a coarser partition of
the base of P; into two pieces, and define an extension (P’, ) of (P1, &1); the pair (Pa, &2) will then be an
extension of (P’,¢’). So, in this case we can find an intermediate extension between P; and Ps. A similar
argument proves the following lemma.

Lemma 3.5.2. Let (Py, &) and (P, &) be partial von Neumann automorphisms such that |Py| = 2F, |Py| =
2L, k <1, and (Py, &) extends (Py, & ). There exist partial von Neumann automorphisms (P;, &), k < i <1,
such that forall k <1 <

1. (Pit1,&it1) extends (Pi, &)s
Proof. Exercise[3.3} O

Example 3.5.3. As promised, we now show that odometer o : 2N — 2N is an example of a strong von
Neumann automorphism. Periodic partitions P, = (D?, ceey Dgn) are given by cylindrical sets

Dzn = C[Si,n} = {SL' € 2N : l’(]) = Si,n(j) for0 <j < |Si,n|}a
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where s; ,, is the reverse of the binary expansion of ¢ with enough zeroes added to ensure that |s; ,,| = n.
For example, if ¢ = 7 and n = 4, then s7 4 = 1110. Set §, = 0‘|U2n_1 D?. A direct inspection show that

i=1
(Pp)nen is indeed an approximating sequence for o, and it is clear that partitions 7, separate points of 2.

The following proposition shows that odometer is indeed the example of a von Neumman automorphism,
as any strong von Neumann automorphism is isomorphic to a restriction of the odometer onto an invariant
subset.

Proposition 3.54. Let T : X — X be a strong von Neumann automorphism. There exists a o-invariant
subset Y C 2N and a Borel bijection ¢ : X — Y such that ¢ o T(z) = o o ¢(x) forall z € X.

Proof. Let (P, &,) be an approximating sequence for 7" such that partitions P,, = (D?)?;l separate points
of X. Forany n € N and any € X we may find the unique k,, () such that x € Dgn ()" Define the map

¢ : X — 2N by setting
0 if 1 <kppr(x) <27,
1 if 2" < kg (z) < 27HL

¢(z)(n) = {

Observe that knowing the segment ¢(z)|,, one may reconstruct k11 () uniquely. Since sets D}’ (z) Separate
points, the map ¢ is injective, Borel, and, as one readily checks, it is also equivariant. O

For any partition P = {D; : 1 <i < N} andaset Q C X we let P N Q to denote the partition induced
on @,
PNQR={D;NQ:1<i< N}

Definition 3.5.5. Let P = {D; : 1 < i < N} be a family of subsets of X. For a set A C X we define the
inner and outer covers of A by elements of P:

A°(P,A) = U D; — inner cover,

D;eP
D;CA

A% (P, A) = U D; — outer cover.

D;eP
D;NA#Z

The definition does not require elements of P to be disjoint, but typically P will be a partition of X, or a
restriction of a partition onto an invariant set.

We close this section with the following useful sufficient condition for the an approximating sequence to
separate points.

Lemma 3.5.6. Let (Py,)nen be a sequence of partitions of X such that Py, 11 extends Py, let also (Ay)nen
be a sequence of subsets of X such that

e sets A, separate points;
e cach element A,, occurs in the sequence (A )nen infinitely often.

Iflimsup,,_, o (A*(Pn, An) \ A°(Py, Ay)) = @, then the sequence (Py,) separates points: for all z,y € X
there are n € N and D € Py, suchthatx € D andy ¢ D.
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Proof. Pick z,y € X, and let k € N be such that x € A; and y ¢ Aj. Since limsup,, (A'(Pn, Ap) \
A°(Py, Ay)) = @, we may find N so large that

z,y € A.(Pna An) \AO(PTL, A?’L) for all n Z N.

By assumption, the set A occurs infinitely often in the sequence (A,), so we find ng > N such that
Apy = Ag. Let D}, D}® € Py, be such that € D and y € D7°. We claim that i # j, which will
witness that partitions P, separate points. Indeed, if 7 = j, then

D NA,, =#@ because x € D;°N Ay,
on the other hand y € D] \ A,,,, whence
D?O - A.(PTLWATLO) \ AO(PTL()? Ano)a

contradicting the choice of N. O

3.6 Weak von Neumann automorphisms

Lemma 3.6.1. Let T' : X — X be an aperiodic Borel automorphism. There exists a co-compressible
invariant subset Y C X and weak von Neumann automorphism S : Y — Y such that [T'|y| = [S].

Proof. We are going to construct sequences of subsets A,,, By, C;, C X and induced automorphisms 7}, =
T4, and T,, = T, with the following properties for all n > 1 and all pi measures ) on X:

(a) An+l g An and Bn+1 g Bn;
(b) Cp41 =Bp \ Bpr1and C; = X \ By
(c) sets A, and B,, are T-recurrent;

(d) TéAn—i-l NApr1=@andTAI N A =g

2" +1
() J(By) = W;

) 9(Ap\ (Aps1 UT! 1 Any)) = 2720 and 9(X \ (41 UTAy)) =272 = 1/4;

27L+1 1

(g) Bpy1 = |_| TéAn+1 and By = A1 UTA;.
=0

The base of the construction is provided by Theorem [3.4.5] which allows us to pick a recurrent A; such
that TA; N A1 = & and 19(X \ (4, U TAl)) = 1/4 for all pi measures J. We set B; = A; UTA; and
Ci=X\Bi.In Figurethe set A is depicted in light gray. We set 7] = T4, and note that B; must be
recurrent since so is A1 C Bj. Note also that

2l +1
I(B1) =3/4 =55~

in compliance with item (g]).
At the second step of the construction we apply Theoremm to the automorphism 77 : A; — A; and
find a recurrent Borel subset A2 C A; such that 7] A2 N A2 = & and 19(A1 \ (A2 U T{Ag)) =2"4=1/6.
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As | TiAs | Cs | Thds  TS5As  Cs

T?A3 TSA; C3 | T3A;  TJA; Cs

C 2 02

Figure 3.6: Construction of sets A,, B,, and C,,.

We set Tj = T, and note that T} is equal to the automorphism induced by T} onto As, let By = | |>_, T Ao
and Cy = B \ Bs. The set As is dashed in Figure The construction continues in the same fashion.

Let B = (), Bn and note that ¥(B) = lim¥(B,) = 1/2 for all pi measure ¥ on X. Set P, =
{TE(A, N B) : 0 < i < 2"}, and notice that P, witness that T : B — B is a weak von Neumann
automorphism. Since ¥(B) = ¥(X \ B), we may apply Exercise [2.9|and find a co-compressible invariant
set Y C X and an automorphism f € [T] such that f(BNY) = f(Y \ B). Finally, we are ready to define
S:Y — Y by setting

if v € B,
S(a) = f(x) 1 if x
Tpo f~(z) ifzeY \B.

We leave the details of checking that S satisfies the conclusions of the lemma for the reader. 0
Lemma 3.6.2 (mod 7). Let (P, &) be a partial von Neumann automorphism, let A C X be a Borel set, let
€ > 0, and let x — p, be an ergodic decomposition for E. There exist an extension (P', &) of (P, €) and an

invariant Borel partition X = | |, Qn (which is coarser than the ergodic partition) such that for all x € X
and all n € N one has

o (A (PN Qu AN Qo) \ A (P N Qu, ANQL) ) < e
Proof. Let P = (Ry, ..., Ryr). Define C; to be the partition of R generated by £ ~*F1(A N R;):
Ri =& HANR)UETH(R\ A),

see Figure Let R; = |_|é:1 B; be the partition of R; generated by all of C;, 1 < i < 2*. Note that ] < 22",
By refining sets B; if necessary, we may assume that [ = 22 The partition of X will be defined by breaking
X into pieces, where 11, (B;) is almost constant for all 7 < [.

Let 6 = 2L for L so large that 2% - 922" .§ < . The partition is indexed by vectors 7’ € N’ and is given by

@ = {m € X : uz(By) € [6p(i), 6p(i) + 6) forall i < z}.

Fix a vector 7 € N!. Using Exercise we may find Borel subsets B; ; € B; N Qp 1 < j < pli), such
that 1, (B; ;) = 0 forall 4,5 and all x € Qp. Let C; = (B; N Qp) \ Uf(zl)l B; ; be the part of B; within Q5
that is not covered by any B; ;; note that y1,,(C;) < & forall z € Q. Recall that yi,(R1) = 27 % forallz € X.
Since p,(B; ;) = 9, we get
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R3ﬂA4>—°> <—FR3\A

§2(R3N A) §7%(R3\ A)

Figure 3.7: Illustration of partition Cs.

Since 27 is an integer multiple of &, we get that 1, (;_, C;) = N& for some N € N, N < [, and all
x € Qp. The latter implies (via Exercise that UZ C; can be partitioned into sets By ;, 1 < j < N, such
that 11, (By,;) = 0 forall x € Qand all j. Sets B; ; form a partition of Ry N Q. We will no longer need
indices i, j, so let us re-enumerate sets B; ; into a partition Ry N Qz = ||, G;, which satisfy the following
properties for all z € Qp:

(@) pg(G;) =6 forall i;

(i)
® (B0 [ 65) = s (B0 [ B ) <

G;CB; Jj=1

.

(i) N N
© e (B:NRH\ | G) < ux< L] Bisu ] B \Bi> < (|| Bog) = N <18,
=1 j=1 j=1

G]‘QBZ‘#Q J
By Exercisewe may find (mod .7’) automorphisms f; € [E] such that
fi (£2k_1Gj) =G NY foralll <j<gq.

We are now ready to define (P’,£’) on Q by setting

Pl N Qﬁ = (G1> g(Gl)7 s a£2k_1(G1)7 G27 g(GQ)a s 7§2k_1(G2>7 e qu f(Gq)7 s a£2k_1(Gq))a
and declaring for x € Qy
¢(x) E(z)  ifz e (Gy) for0<i<2F—1,
xr) =
fi(x) ifz e 7YG)),i<q
It is evident from the construction that (P’, £’) is an extension of (P, £). Also,

2k_1 N
A (P'NQp AN Q) \ A (P N Qi AN Q) € | € (Boy)-

i=0 j=1

Therefore for all x € Q5

o (A (P N Qp AN Qp) \ (P! N Q5 AN Q) ) <2810 < .
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Lemma 3.6.3 (mod .7¢). Any partial von Neumann automorphism (P, &) can be extended to a weak von
Neumann automorphism S : X — X such that E}q( =E

Proof. LetP = (D, ..., Dyx). Use Lemma(3.6.1|to find a weak von Neumann automorphism J : D1 — D;
such that Eél = E|p,. Define S : X — X by

g &(x) if v € D; fori < 2k,

xTr =
Jo &2 H(z) ifx € Dy.

It is straightforward to check that S : X — X is a weak von Neumann automorphism and E}q( =E. O

Definition 3.6.4. Let (P, &) be a partial von Neumann automorphism, P = (D, ..., Dok). A fiber over
x € Dy, F(x), is the set of points F(z) = {¢'x : 0 < i < 2¥}. Given y1,y2 € X, we say that y; and yo are
the same P-fiber if there is x € D; such that y1,y2 € F(x). Note that if (P, £’) extends (P, ) and y1, yo
are in the same P-fiber, then 1, and 1 are also in the same P’-fiber.

Lemma 3.6.5. Let T : X — X be an aperiodic Borel automorphism such that E§ =EandletS: X - X
be a weak von Neumann automorphism such that Eg( = E. Let also P,, be an approximating sequence for S,
we assume that |Py,| = 2™. For any ergodic decomposition © — i, and any € > 0 there exists a countable
invariant Borel partition Q,, n € N, and naturals r,, € N, such that

(i) {Qn : n € N} is coarser than the partition associated with the ergodic decomposition.
(ii) Forany x € Q,

,um({y € Qn : y and Ty are in the same P, -ﬁber}) >1—c

Proof. Exercise. O

3.7 Classification of hyperfinite relations
Recall that for an ergodic decomposition = — 1, we define

e ={y € X : iz = py}.

Theorem 3.7.1 (mod 7). Let E be a non-compressible hyperfinite Borel equivalence relation on X, and let
T — Ly be an ergodic decomposition for E. There exists a weak von Neumann automorphism S : X — X
such that E§( = E and for all x € X the restriction S|z, is a strong von Neumann automorphism.

Proof. Pick a sequence €, > 0, n € N, such that Zn €n < 0,60 =1,and let T : X — X be an aperiodic
Borel automorphism that generates E. Fix a sequence (A;,),en of Borel sets A,, C X which separate points
and is such that each Ay occurs in the sequence infinitely often. We are going to construct (mod .7¢°) the
following objects:

Weak von Neumann automorphism S, : X — X such that ES» = E.

n,m

e Approximating sequences (Ppm, En.m )meN for each Sy Pr o = (D™, ..., Dyi™).

A tree of partitions, i.e., E-invariant Borel sets (Q;),cn<~ indexed by finite sequences of natural num-
bers.

Naturals 7, € N for each t € N<N.
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These objects will satisfy the following properties for all n € N and all ¢ € N™:

(1) Qi~; C Q¢ foralli € N.

2) X = |_|t€N,L (@ and this partition is coarser than the one associated with the ergodic decomposition.
3) re = n.

@) (Prt1.6 N Qs &nr1klQ) = Pk N Q¢ &nklg,) forall 0 < k < ry. In particular

{x € Q¢ : Spyix # Snx} C Dyt

(5) Forany x € Q;
Jo ({y € ; : y and Ty are not in the same Prt—ﬁber}) < €.

(6) For any x € Q;
pa (A* (Prrt 01 Qes A0 11 Q0) \ A (P 1 Qi 40 N1 Q1) ) < €.

For the base of this construction we may take Qs = X, use Lemma [E] to find Sy : X — X which
generates E, set r; = 0 and note that €y = 1 ensures that items (3]) and (6)) are trivially fulfilled.

For the induction step suppose sets (J; have been constructed for all ¢ € N and S}, for £ < n have been
defined. Pick some ¢ € N™ and restrict .S, onto ();. We may apply Lemma [3.6.2]to the partial von Neumann
automorphism (P, », N Q¢, {nr,|Q,) and set Ay, 1 NQy. This results in a partial von Neumann automorphism
(P',€') on Q which extends (P, ,,&n,r,) and a partition Q; = | |, Q». This extension satisfies item (&)
above on each Q,,. Let L be such that |P’| = 2~. An application of Lemma allows us to find a weak von
Neumann automorphism S, 11|, that extends (P’,£’) and generates E on );. Finally, we may apply Lemma
to the restriction of 7" onto each of Q,, and the automorphism S, ;1 | 5,.» Which yields a partition Qi
of Q; into invariant Borel sets and naturals 7,~; € N for which the analog of item (3] is fulfilled. Without
loss of generality we may assume that r,~; > max{L,n + 1}.

Performing the same operation for each ¢ € N”, we obtain the weak von Neumann automorphism .Sy, 4 :
X — X, approximations (Pp41,m, {n+1,m ) and the tree of partitions (Q¢);cn<n+1. Routine inspection shows
that all items above are satisfied.

We define sets Z;, 1 = 1, 2, 3, to be the following limits:

Z1 = limsup U Dyt

n—o0

teN”
Zo = lim sup U {y € @y : y and T'y are not in the same Pn,rt—ﬁber},
n—oo tEN"
Z3 = lim Sup U ./4. (anﬂ"t ﬂ Qt, An ﬂ Qt) \AO (PTL,’I"t ﬂ Qt, ATL ﬂ Qt) .

Items (3), (5)), and (6)) ensure that forall x € X one has 11,,(Z;) = 0fori = 1, 2, and 3 respectively. Saturations
of sets Z; are therefore compressible, and by throwing them away we may for notational convenience assume
that 7; = @, 1 = 1,2, 3. Item (@) together with Z; = & implies that for any x € X there is N () so large
that for all n > N (x) one has S,z = Sj,112. We may therefore define S : X — X by setting Sz = Sy, 7.
The rest of the argument will show that .S is the desired automorphism.

It is clear that S is a weak von Neumann automorphism, as partitions P, ,, form an approximating
sequence. Pick some = = Z,,. Since partitions X = | |,.\» Q¢ are coarser than the partition associated with
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the ergodic decomposition, for each n there exists the unique ¢, € N” such that Z C (). For brevity let 7,
be denoted simply by r,,. The assumption Z3 = @ together with Lemma ensures that S|z is a strong
von Neumann automorphism.

It remains to check that Ei = E. It is evident from the construction that x E}S; y —> xEy, we show the
inverse implication by checking that for each = € = one has z E§( Tx. As Zs = &, there is N so large that
and T'z are the same Py, ;. -fiber for all n > N. But S|z extends &, ., |=, therefore x and Tz are in the same
orbit of .S, as claimed. O

Theorem 3.7.2 (mod 7). Let E be an aperiodic hber on X. Suppose E is not compressible, and let Z =
EINV(E) viewed as a standard Borel space. Let A ;7 denote the trivial equivalence relationon Z: z21A zz9 <~
z1 = zo. The relation E is isomorphic to Eg x Ayg.

Proof. Pick an ergodic decomposition x — /i, for E and apply Theorem 3.7.1]to find a weak von Neumann
automorphism S : X — X such that E = E*)g( and S|z, is a strong von Neumann automorphism for all
x € X. Let P, be an approximating sequence for S. For each x € X partitions P,, N =, separate points in
=;. Following the proof of Proposition we define the map ¢ : X — 2N by setting

0 ifz € D! for some i < 27,

1 otherwise.

¢(z)(n) = {

As shown in the proof of Proposition the map ¢|=, : =, — 2N is an embedding of E|z_ into E,. Since
Eg is uniquely ergodic, the image ¢(Z,) is co-compressible in 2N for every 2 € X. We define the map
¢: X — 2N x Z by setting

C(x) = (§(@), 1a)-

It is straightforward to check that { is an isomorphism (mod #) of cbers E and Eg x A . ]

Theorem 3.7.3. LetE;, i = 1,2, be non-smooth aperiodic hbers on X;,i = 1, 2. If‘EINV(El)‘ = |EINV(E2)
then E; is isomorphic to Es.

’

Proof. If EINV(E;) is empty, then the theorem follows from Theorem so we may assume that E; admit
finite invariant measures. Pick invariant Borel subsets Y; C X such that E;|y; is isomorphic to E¢. Note that
= X;\y; has the same number of pie measures as E; does. Using Theorem @ we find subsets W; C X;\Y;
such that E; |y, is isomorphic to Ea|yy,. Since both X \ Wi and X5 \ W> are non-smooth by the choice of
Y;, we extend this isomorphism to witness E; =2 Es. O

Here is a complete list, up to an isomorphism, of non-smooth aperiodic hyperfinite equivalence relations:
Et, Eo X Af1,2,....n—1} for some n € N, Eg X An, Eg X Agw.

Exercises

Exercise 3.1. Show that any weak von Neumann automorphism is aperiodic.
Exercise 3.2. Let E be a smooth cber. Show that E C Ej.

Exercise 3.3. Using item of Proposition [3.1.3| show that the Vitali equivalence relation on R given by
xEvy < =z —y € Qis hyperfinite.
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Exercise 3.4. Check that the induced automorphism 7’4 : A — A defined for a recurrent Borel set A C X is
indeed a Borel automorphism of A.

Exercise 3.5. Prove Lemma/(3.5.2






Chapter 4

Hyperfinite actions

4.1 Amenable equivalence relations

We begin by introducing a notion of an amenable equivalence relation, using an analog of the Reiter’s
condition. Appendix [C|reviews the notion of amenability for countable groups.

Definition 4.1.1. A cber E on X is said to be amenable if there are Borel functions ¢,, : E — R=0 such that

Z on(z,y) =1forallz € X;

y€lz]e

Z’gbnxy on (2!, y)‘%Oasn%ooforall(a:,x’)EE.
yelzle

Proposition 4.1.2. Let G be a countable group, and let G ~ X be a Borel action on a standard Borel space.
If G is amenable, then Eg*; is amenable.

Proof. Let E denote the orbit equivalence relation Eé . According to Reiter’s condition, there are functions

fn € L4(G), || fullL = 1, such that || f, — gfn||, — 0 forall g € G. We define ¢,, : E — R=? by setting

= Z fn(g)

geG
gy=x

Z¢nxy Zan an(g)zl

y€Elz]e y€lz]e ggEG geqG

For all z € X one has

Also, for the second item from the definition of an amenable relation, take (x, z') € E, and pick h € G such

that hz = 2.
5 lonte) = ule')| = 5 |3 fule) = X 0] =
y€lzle yE[zle ;’yefw gf’f:i/
S falg= > fn<hg>‘ <
yelale! 959 9€G

SN U falg) = falhg)| =

y€[$]E geaG
gy=x

an - h_lanl — 0asn — oo.
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The relation E is therefore amenable. O

Since any hyperfinite relation is generated by an action of Z, and since the group of integers is amenable,
the following is an immediate corollary of Proposition d.1.2]

Corollary 4.1.3. Any hyperfinite cber is amenable.
The next proposition is a partial converse to Proposition [#.1.2]

Proposition 4.1.4. Let G be a countable group acting in a Borel way on a standard Borel space X. Suppose
the action is free, and assume that it admits a pie measure, call it ji. If the relation E = E)G( is amenable, then
so is the group G.

Proof. Let ¢,, : E — RZ9 be the functions from the definition of amenability for E. We verify amenability
of G via the Reiter’s condition by defining f,, : G — R=Y via

= / bn(z, g ) du(z).
X

Maps f,, are seen to be in ¢} (G) and satisfy || f,,|]1 = 1, as

/¢n$g 12) du() /XZcbnwg 12) dyu(x) / S ol y) d(a) = /){1@(90):1.
geG

geG yE€[zle

Finally, for any h € G one has

an - hanl :Z|fn(g) - fn(hilg)} =

geG geG

/¢na:glx dyi(z /qﬁnh 5, g7\) du(x)| <
geG

ME

geG

(%

y€[z]e

/%xgla: e /%wglhw)dﬂ()

Oz, 9 ) — ¢ (h 2, g7 ') Ddu(w) =

Oz, y) — ¢n(h 2, y) D dp(x).

The last expression converges to 0 as n — oo. Indeed, set
= > |¢nla,y) — (h'z,y)|.
y€(z]e

By assumption on functions ¢, one has &,(x) — 0 pointwise. Evidently 0 < &,(x) < 2forall x € X.
Therefore, by Dominated Converges Theorem, one has [ &, du — 0, as required. O

To give an example of a non-hyperfinite equivalence relation, it is therefore enough to construct a free
measure preserving action of a non-amenable group, e.g., F» = (a,b). The natural candidate would be a
Bernoulli shift, F» ~ 2F2, but this action is not free. Fortunately, this obstacle is easy to overcome.

Proposition 4.1.5. Any infinite countable group G admits a free Borel probability measure preserving action
on a standard Borel space. In fact, if

Free(2 {x€2G h:):;éxforallheG}

then u(Free(QG)) — 1 for the Bernoulli measure on 2.
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Proof. We aim at showing that ,u(Free (2G)) = 1. Since G is countable and

Free(QG) = ﬂ {x €29 ha # x},

heG

it is enough to check that for any fixed h € G one has

,u({x €29 hx#x}) =1.

Note that
{z e 26 ha = v} ={ze 26 : 2(g) = z(h~tg) forall g € G}.

We split the verification into two cases. If h is of infinite order, we may take g = h?"*! in the above to get
{z e 2¢ : ha = z} C{xe 2C : 2(h®) = z(h® ) forall n e N},

where the right-hand side clearly has measure 0 with respect to .

If h has finite order, then we may choose h,, € G from different cosets of (h), which ensures that
conditions x(h~1h,,) = z(h,) are pairwise independent for distinct n. This allows us to conclude that for
all h of finite order

,u({ac €29 hx = m}) =0.
Thus ,u(Free (2G)) = 1, as claimed. 0

Propositions and together with Corollary and the fact that the free group Fy = (a, b) is
not amenable (see Appendix , imply that F5 ~ Free (2F 2) generates a non-hyperfinite cber.

Corollary 4.1.6. The cber E given by the action F5 ~ Free (2F 2) of the free group on the free part of its
Bernoulli shift is not hyperfinite.

4.2 Borel graphs

In the next section we show that all orbit equivalence relations arising from groups of polynomial growth
are hyperfinite. The result is due to Steve Jackson, Alexander Kechris, and Alain Louveau [JKLO2]. Our
presentation in this section and the next one follows closely pp. 15-17 of [JKLO2[]. We begin by reviewing
some notions from Borel combinatorics.

Definition 4.2.1. A Borel graph on a standard Borel space X is a Borel set G C X x X suchthat Ax C G
and (z,y) € G = (y,z) € G forall z,y € X. In other words, a Borel graph is a symmetric and reflexive
Borel relation. Given a graph G and a point = € X, the neighborhood of x in G is denoted by [z]g and is
given by

[z]g = {y € X : (z,y) € G}.

A subset A C X is G-independent if (z,y) ¢ G for all distinct z,y € A. An independent set A is said to
be a maximal independent set if moreover A U {z} is not independent for any z € X \ A, which is equivalent
to[z]gNAF#forall z € X.

A graph G is said to be locally finite if [x]g is finite for all z € X.

Lemma 4.2.2. For any locally finite Borel graph on a standard Borel space there exists a Borel maximal
independent set.
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Proof. Let G be a graph on X, and let (B),)>2, be a sequence of subsets of X such that the family {5,, :
n € N} is closed under finite intersection and separates points in X. Let £ : X — N be given by

&(z) =min{n: [z]g N B, = {z}}.

Using Luzin-Novikov’s Theorem, one checks that the map ¢ is Borel. Note that £~!(n) is an independent
subset of X for every n € N. Define Y,, C X inductively by setting Yy = £71(0) and

Yo=Y, u{ye&(n+1):[ylgnY, =o}.
Sets Y;, are Borel, and Y = | |, Y, is seen to be a maximal independent subset of X ]
Given a graph G on X, we denote by G2 a graph on the same space X given by
G* = {(z,y) : (z,2) € Gand (z,y) € G for some z € X }.
Note that if G is a locally finite Borel graph on X, then so is G2.

Definition 4.2.3. Let G,, be a sequence of locally finite Borel graphs on X. We say that (G,,),en satisfies
Weiss’ condition if G> C G411, n € N, and there exists K € N such that for any z € X there are infinitely

many n € N for which any G,-independents subsets of [z]g, ,, has size at most .

Lemma 4.2.4. Let E be a cber on X, and let (G,,) be a sequence of Borel graphs satisfying Weiss’ condition
such that E = \J,, G The relation E is hyperfinite.

Proof. By Lemma4.2.2] we may select G,,-independent subsets Z,, C X. Luzin—Novikov’s Theorem lets
us find Borel maps 7, : X — X such that 7, (z) € [z]g, N Z, for all x € X. Maps 7, are finite-to-one.
Define fbers F,, by

xFpy <= mpom_10---omy(x) =mp0mp_10---0m(y).

Relations F,, are nested, so E' = | J,, F,, is hyperfinite. Clearly E’ C E. While E’ is not necessarily equal to E,
we shall show that any E-class contains finitely many E’-classes, which by Jackson’s Theorem implies that E

is hyperfinite.
Let K € N be the constant in the definition of Weiss’ condition. Suppose towards a contradiction that
there is an E-class that contains at least K + 1 many E’-classes. Pick xq, ..., zx which are pairwise E-

equivalent and E’-inequivalent. Let n be so large that x; € [z¢]g, for all ¢. By increasing n if necessary, we
may assume that any G,-independent subset of [x¢]g,, . , has size at most K. Set

Yi = T 0 - - o mo(;).

By assumption on points z;, all elements y; are distinct elements of Z,,, therefore {y; : 0 < i < K}isa
Gn-independent set of size K + 1. Buty; € [x;]g,_,, and therefore y; € [x¢]g,,,,, contradicting the choice
of the constant K. ]

4.3 Groups of polynomial growth

Definition 4.3.1. Let G be a finitely generated group, and let S C (G be a finite symmetric generating set for
G containing 1. The group G has polynomial growth d if b, = O(n?), where

b, = ‘{gEG:g:sl'-‘snforsomesiES}‘.

The property of having polynomial growth d is independent of the choice of generating set.
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We shall also need the following technical condition.

Definition 4.3.2. We say that a countable group G has mild growth K, K € N, if there is a sequence of finite
subsets C,, C G such that for alln € N

(i) C,, is symmetric: C; L=C:
(i) 1 € Cy;
(iii) C7 C Cry1s
(iv) G =U, Cn;
(v) there are infinitely many n such that |C), 44| < K|C,,|.
Usefulness of this definition for our purposes is illustrated by the following proposition.

Proposition 4.3.3. Let G be a countable group of mild growth K. Any orbit equivalence relation arising
from an action of G is hyperfinite.

Proof. LetE = Eg*; be an orbit equivalence relation of a Borel action G ~ X. Pick a sequence C,, C G
witnessing that G has mild growth K. Set

Gn = {(:L‘,gx) cxe€Xandg € Cn}.

Since C, are symmetric and contain the unit of G, each G,, is a Borel graph,; it is locally finite, because C,
is finite. Also, G = |J,, Cy, implies E = J,, G». In view of Lemma to show that E is hyperfinite, it
is enough to check that G, satisfies Weiss’ condition. By assumption C2 C C,, 11, therefore G2 C G, 1.
We claim that for any n such that [C}, 4] > K|C,| one has that any G, ,1-independent subset of [z]g, _,
has size at most K for all z € X. Indeed, suppose towards a contradiction, there is a G, 1-independent set
{z0,..., 2K} C [2]g, ;- Let g; € Cyy3 be such that g;z = x;. Note that Cp,g; N Cpg; = @ fori # j,
as if h1,hy € C), are such that hig; = hag;, then h;lhl € Cp41 satisfies h;lhlxi = x;, contradicting
Gn+1-independence of x; and x;. Since C,,g; C Cj,14 are pairwise disjoint, we get |Cy14| > (K + 1)|Cy ],
which is impossible. Thus G,, satisfies Weiss’ condition and E is hyperfinite. O

As the following lemma shows, the class of groups that have mild growth K is closed under inductive
limits.

Lemma 4.3.4. Let G be a countable group, and suppose that G = | J,, Gy, is written as an increasing union
of groups each having mild growth K (note that K is assumed to be independent of n). The group G also
has mild growth K.

Proof. Let C},, be a sequence of subsets of G, witnessing that G}, has mild growth K. We construct
inductively a mild growth witness D,,, n € N, for G. The step of induction will construct 5 sets at a time:
D5y, Dsint1s - - - s Dsmt4. At each step we ensure that | D5, 44| < K|Dsp,|. In other words, item (v) in the
definition of mild growth will be satisfied for all n such that n = 0 mod 5.

We need to take into account all sets C}, ,,, so we start by enumerating all C}, ,, in a sequence, i.e., we pick
a bijection a : N = N x N, a(n) = (a1(n), aa(n)). The base of inductive construction of sets D, is no
different from the step of induction, so we show the latter. Suppose we have constructed D; for 7 < 5m, and
we aim at defining D5, . . ., Dsmta. Let C = Cy, (5m),a2(5m)- Pick N1 so large that D5, —1 € G, and
a1(5m) < Nj. Since the sequence Cl, ,, witnesses the mild growth of Gy, , one can find N, so large that

(D5m71 U 0)2 - CN1,N2



68 CHAPTER 4. HYPERFINITE ACTIONS

and |Cn, Nota| < K|Cny N, |- We set Dsyyqi = Cny No+i for i = 0, ..., 4. Evidently, sets D; witness the
mild growth of G. O

The primary example of groups with mild growth are the groups of polynomial growth.
Proposition 4.3.5. If G is a finitely generated group of polynomial growth d, then G has mild growth 16% 4 1.

Proof. Let S C G be a symmetric generating set for G and let a € RZ° be such tat |[S?| < an?. Set
C,, = S%". We claim that the sequence C,, witnesses the mild growth of G. Only item (V) requires checking.
Set K = 16 + 1. Suppose towards a contradiction that |C,, 14| > K|C,,| for all n > ng. Therefore also

|Crss| > K|Crya| > K?|C,
and more generally |C), 4., | > K™|C,,| for all n > ng. One thus has for all m € N
K™ Cro| < |Crgam| = |S207| < a2rod+imd — gonod . (16)m,
The latter is possible only when K < 16%, contradicting K = 16¢ + 1. O

Corollary 4.3.6. All actions of finitely generated nilpotent groups are hyperfinite.

Proof. By a well-known theorem of Joseph Wolf [Wol68]], all finitely generated nilpotent groups have polyno-
mial growth. Therefore Propositions4.3.5|and[4.3.3]imply that such groups have hyperfinite actions only. [

Corollary 4.3.7. All Borel actions of Q% are hyperfinite.

Proof. While the group Q% is not finitely generated, it can be written as an increasing union of subgroups

Q! =J(zi/an),

n

each having polynomial growth d. Proposition[4.3.5] Lemma[.3.4] and Proposition altogether imply
that all Borel action of Q7 are hyperfinite. 0



Appendix A

Spaces of Measures

Definition A.1. Let (X, B) be a standard Borel space. Recall that a signed measure or a charge on X is a
function v : B — R such that (@) = 0 and y is countably additive, i.e., (U, An) = >, 1(Ay) for all
pairwise disjoint families A,, € B.

A charge y is said it to be a measure if u(A) > 0 forall A € B.

Theorem A.2 (Hahn). Let u be a charge on (X, B). There exists a Borel partition X = P U N such that
wW(ANP) > 0and pn(ANN) < 0forall A € B. Moreover, such a partition is essentially unique in the sense
that if X = P’ U N' is another such partition, then u(AN PN Q') =0=pu(ANP' NQ) forall A € B.

For a charge 1 let X = P LI @ be the decomposition as in Hahn’s Theorem. Set ut : B — R to be
put(A) = (AN P)and define u~ : B — RZ%by = = —p(A N N). The functions it are 1~ are, in fact,
measures, ;t = ut — p~, and a decomposition of this form (called the Jordan decomposition) is unique, i.e.,
if 4 = v* — v, where v and v~ are measures on (X, B), then v = u* and v~ = pu~. The variation of
a charge y is the measure || = p™ + ™, and the total variation of y is the real ||u|| = |u|(X). The set
C(X) of all charges on X is a Banach space when endowed with the norm ||u||; the set M(X) C C(X) of
measures on X forms a closed cone in C(X) (we include the zero measure in M (X)).

Let X be a compact Polish space, and let C'(X) denote the Banach space of continuous real-valued
functions.

Theorem A.3 (Riesz, Markov, Kakutani). The dual C(X)* to the space C(X) is isometric to the Banach
space C(X) of charges on X.

In particular, by Alaoglu’s Theorem, the unit Ball C; (X) in C(X) is a compact metrizable space in the
weakx topology. Since M (X)) is closed in C(X) in the weakx topology, the set M1 (X) = C1(X) N M(X)
is also weak compact.
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Appendix B

Existence and uniqueness of measures

In this appendix we would like to recall some standard notions from measure theory, which are often used to
construct Borel measures on metric spaces. Proofs of the following theorems can be found in any standard
textbook in measure theory.

Definition B.1. An outer measure on a set X is amap p* : 2% — [0, co] such that
o 1" (@) =0;
o 1*(A) < u*(B) whenever A C B;
o ¥ (Un An) <>, 1*(Ay) for any countable family A,, C X.
The classical Carathéodory’s Theorem gives a way of constructing a measure out of an outer measure.

Theorem B.2 (Carathéodory’s Theorem). Let u* be an outer measure on X, and let B be the set of all
Y C X such that p*(Y) = p*(Y N A) + p* (Y N (X \ A)) forall A C X. The set B is a o-algebra and p*
restricted onto B is a o-additive measure on B.

We call the o-algebra I3 the Carathéodory o-algebra, and the restriction of p* onto B the Carathéodory
measure associated with p*.

Definition B.3. Let (X, d) be a metric space. An outer measure x* on X is said to be a metric outer measure
if W (AU B) = p*(A) + p*(B) forall A, B C X such that d(A, B) := inf{d(a,b) :a € A,b € B} > 0.

Theorem B.4. If u* is a metric outer measure on a metric space (X, d), then the Carathéodory o-algebra
contains all Borel sets, and so the restriction of the Carathéodory measure associated with u* onto the Borel
o-algebra gives a Borel measure on X.

The following is an important method of constructing metric outer measures. We say that C C 2% is a
sequential covering class if there exists a countable family C}, € C such that X = J, C. Let (X, d) be a
metric space, C C 2% be such that for each n € C the family

Cn = {C € C: diam(C,) < 1/n} is a sequential covering class.
Letalso 7 : C — [0, 0o] be any function such that 7(@) = 0. Let p, : 2% — [0, o] be define by

1 (A) = inf{iT(Ck) cAc| e o e cn}.
k=0 k

Note that p,(A) > 1 (A) forallm € Nand all A C X, so we may set p*(A) = limy, 00 147, (A).
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Theorem B.5. The function ji* : 2% — [0, 00| defined above is a metric outer measure on X.
Definition B.6. Recall that a family D C 2% of subsets of X is said to be a A-system if

1. X € D

2. if A€ D,then X \ A € D;

3. if A,, € D are pairwise disjoint, then | J,, A,, € D.

A family P C 2% is a 7-system if is closed under finite intersections: A N B € P, whenever A and B
belong to P.

Here is a typical way how A-systems arise in measure theory. Let iz and v be two probability measures
on X. The family of measurable sets

D={ACX:pu(A)=v(A)}
is easily seen to be a A-system.

Theorem B.7 (Dynkin’s 7-A theorem). Let P be a w-system on X, D be a A-system on X, and suppose that
P C D. If o(P) is the o-algebra generated by P, then o(P) C D.

Here is a useful immediate corollary of Dynkin’s theorem.

Theorem B.8 (Carathéodory’s Uniqueness Theorem). Let i and v be Borel probability measures on a stan-
dard Borel space X, let
D ={AC X : AisBorel and u(A) = v(A)}.

If there is a w-system P C D such that ‘P generates the Borel o-algebra on X, then p = v.

In particular, two probability measures on 2N which agree on all clopen sets must be equal.



Appendix C

Amenable groups

Definition C.1. A finitely additive measure on a set X is a map  : 2% — [0, 1] such that
(i) () = 0, u(X) = 1;
(ii) u(AU B) = p(A) + p(B) for all disjoint subsets A, B C X.

If H ~ X is an action of a countable group on X, we say that a finitely additive measure 4 is [ -invariant,
if u(hA) = p(A) forall AC X andall h € H.

Definition C.2. A mean on (*°(X) is a functional 7 : /*°(X) — R such that 7(f) > 0 for all f € {3°(X)
and 7(1) = 1. Suppose H ~ £°°(X) by isometries. We say that a mean 7 is H-invariant, if 7(hf) = 7(f)
forall h € H and f € (>°(X).

There is a duality between finitely additive measures on X and means on ¢>°(X'). Any mean 7 on £*°(X)
gives rise to a measure . on X by the formula 1, (A) = 7(x4), where x 4 is the characteristic function of

A. Also, if 1 is a finitely additive measure on X, then one can define a functional 7, on £>°(X) by setting
for f € £>°(X)

Tu(f) = /X £() dpu(z).

The functional 7, is easily seen to be a mean. Maps y +— 7, and 7 — p, are inverses of each other. Moreover,
these maps preserve invariance of actions in the following sense. Suppose we have a group H acting on X.
This action can be lifted to an action on /*°(X) by hf(z) = f(h~'z). A finitely additive measure ; on X
is H-invariant if and only if the mean 7, is H-invariant. This duality will let us speak of finitely additive
measures or means depending on what is more convenient in the particular situation.

Definition C.3. A countable group G is amenable if there exists an invariant finitely additive measure for
the action G ~ G by left multiplication.

The notion of amenability is of fundamental importance and has a huge number of equivalent reformu-
lations. The following lemma lists several of them. The proof is based on [Nam64|], and our presentation
follows 2.8 of [Taol0].

Lemma C.4. Let G be a countable group. The following conditions are equivalent.
(i) G is amenable;

(ii) for any finite F C G and any € > 0 there exists a finitely supported v € (% (G) such that ||v||; = 1
and ||v — fv||1 < eforall f € F.
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(iii) for any finite F' C G and any € > 0 there exists a finite set K C G such that

/K A K| _
sup ———— €
jer K|

Proof. = Suppose towards a contradiction that there is a finite set /' C G and € > 0 such that for
every finitely supported v € ¢1 (G) of norm 1 one has sup rer ||V — fv[li > €. The same inequality is seen
to be true for all, not necessarily finitely supported, v € ¢} (G) of norm 1.

Consider the set

Z={(v—fv)jer:velL(@),|lv]L =1} C ({(@)"F.

This set is convex, and by assumption it is bounded away from 0. Hahn-Banach separation theorem guarantees

||

existence of a linear functional A € (EOO(G )) such that on Z one has

M = fv)fer) > 1.

Let Ay € £°°(G) be such that A = (\f) fe . We therefore have for all v € ¢4 (G), ||v||1 = 1:

1< 0w =) =D () = Ar(f2) = DD Apl9)w(a) = D > Aplav(f o)

feF feF g€G feF g€G feF
>3 Moo - X X Mtsow z(zxf =Y fg>) o
geG feF g€qG feF geG “feF

The above inequality is true for all v € 1 (G), ||v||; = 1. Taking v = d,, we deduce that for all g € G one

has
> Aplg) = M(fg) =

fer

which implies that
YOy —fAp-120
feF

By assumption, there exists an invariant mean 7 on ¢>°(G). Thus

0<r (30 =17 = 1) = (0~ 7 A) ~ 1= -1

feF feF
This contradiction proves the implication.

= Fix a finite set F' C G and € > 0. By assumption there is a finitely supported v € ¢* (G) such
that .

sup |[v — frh < —.

feF |F|
We may find nested sets A1 D Ay D -+ D Ak, A1 = suppv, and ¢; > 0 such that v = Zle cixa,- One

has
k

=1

Also, observe that
3

(v = f)(9) =D _cilxansa(9) = Xrana,(9))-

=1
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Note that all the summands above have the same sign, because sets A; are nested. Using this, we have

k
llv — fr|h = Z Zci(XAi\fAi(g) - XfAi\Ai(g))‘ =
geG 'i=1
k
Z Z Ci|Xa\fA; (9) = Xfana, (9)) =
g€l i=1
k
Z ¢ Z)XAi\fAi (9) = Xfa)A; (9)) =
i=1 geG
k
> cilAi o FA.
i=1
Therefore, for all f € F
k k
ZCi|fAi A Al < ﬁ = ﬁ Zcz|Al|
i=1 =1

Summing over all f € F, one has
k k
e ) fAs Al <> el
i=1  feF i=1
By pigeon-hole principle, there is i such that 3, - [ fA; A A;] < €| A, as claimed.
= By assumption, there is a sequence of finite subsets F,, C G such that

‘anAFn‘

—0asn —ooforallg € G.
|l

Pick a non-principal ultrafilter w on N, and define the mean 7 by

7(v) = lim V(XF" )

n—w \|F,
It is straightforward to check that 7 is invariant. O

Definition C.5. A countable group G satisfies Reiter’s condition if for any finite ' C GG and any € > 0 there
exists v € £} (G), ||v||1 = 1, such that

sup ||lv — fr|i <e.
feFr

A group satisfies Fglner’s condition if for any finite /' C G and € > 0 there exists a finite set K C G

such that
|fK A K|

fer K]

Lemma [C.4]establishes equivalence between amenability and the two conditions introduced in the defini-
tion above.
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Example C.6. The group Z is amenable, as {1,...,n}, n € N, forms a sequence of Fglner sets. On the other
hand, we claim that the free group F» = (a, b) is not amenable. Indeed, suppose towards a contradiction
that 4 is a finitely additive invariant measure on F. Let S(a), S(a™1), S(b), S(b1) be sets consisting of
elements of F5, which start with the corresponding letter, i.e.,

Fy=S(a)US(@HusSh)usoh™)u{e}.
First of all, note that p({f}) = 0 for any f € (a,b). Since
S(a) = aS(a) UaS(b) UaS(b~ ') U {a},

invariance of 1 implies
p(S(@) = p(S(@) + p(S®)) +u(SG),

hence 1(S(b)) = p(S(b~1)) = 0. Similarly, £(S(a)) = p(S(a™)) = 0. We conclude z(F) = 0, which
is absurd.
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